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Abstract: When augmenting our cosmological models or gravitational theories with an
additional light scalar field, any coupling between matter and this scalar can affect the or-
bital motion of binary systems. Ordinarily, the new force mediated by the scalar can be
naturally the same order of magnitude as the usual gravitational force and therefore is tightly
constrained. We show that a disformal coupling between the scalar and matter can lead to
a novel screening mechanism in which these fifth forces are suppressed by several orders of
magnitude at sufficiently small separations and large relative velocities (such as solar system
scales). This is a result of resumming a class of ladder diagrams, which suppresses the prop-
agation of scalar signals between the two bodies. Moreover, we are able to relate potential
ambiguities in this resummation to non-perturbative effects (which are invisible to perturba-
tion theory). As a result, solar system tests and future gravitational wave observations can
now be used to place meaningful constraints on scalar-tensor theories with disformal cou-
plings. We exemplify this using observational bounds on the precession of planetary orbits.
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1 Introduction
Light scalar fields enjoy many uses in late-time cosmology. Theoretically, they represent one
of the simplest modifications of gravity beyond General Relativity, introducing only a single
new degree of freedom (see e.g. [1–6] and references therein). Phenomenologically, they
are versatile enough to construct a diverse range of models for the dark sector, frequently
employed in studies of dark energy (for instance [7–10]) and dark matter (for instance [11–
14]). Coupling this new light field (φ) to matter generically introduces a long-range fifth force.
The simplest coupling, a φT µµ conformal interaction, has a long history [15]. It leads to order
one corrections to the Newtonian force between two masses and is tightly constrained by fifth
force experiments in the solar system [16, 17]—often necessitating some kind of screening
mechanism if the model is to be viable [18–21] (see also [22–25] for modern reviews). In
addition, there can also be a disformal coupling of the form ∇µφ∇νφTµν between matter
and a light scalar field, and this has also been constrained via a number of astrophysical
and terrestrial experiments [26–42]. Following the advent of gravitational wave [43, 44] and
multi-messenger [45–47] astronomy, the orbits of binary systems will soon also provide a
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useful probe for these light scalars (e.g. [48–59] and many other recent works). Providing
an accurate and reliable theoretical description of the two-body problem in the presence of a
light scalar field has therefore never been more pressing.
In this work, we discuss how the motion of a two-body system is affected by a disformal
couping between matter and the light scalar field. We find that there are two distinct regimes,
controlled by the dimensionless ratio,
L “ v
2?m1m2
r3M4 (1.1)
which we will call the ladder parameter, where mA are the particle masses
1, r their typical
spatial separation, v their typical relative velocity, and M is a constant energy scale deter-
mined by the disformal coupling strength. When L ! 1 (sufficiently large separations and
small relative velocities), then the effects of the disformal interaction are small and can be
treated perturbatively as an expansion in powers of L—this is known as the ladder expansion
[60–62]. Conversely, when L " 1 (at sufficiently small separations and large relative veloci-
ties), the effects of the disformal interaction are large and the ladder expansion is no longer
valid. Instead, we show that a resummation of the ladder series (to all orders in Ln) leads to
an efficient screening of fifth forces—by over ten orders of magnitude for the planets in our
solar system.
To illustrate these concepts, we will focus on a simple toy model in which all matter fields
(ψ) couple to both a spacetime metric (gµν) and a free scalar field (φ) via an effective metric
g˜µν ,
S “
ż
d4x
?´g
ˆ
M2P
2
Rrgµνs ´ 1
2
p∇φq2
˙
` Smrψ, g˜µνpgαβ, φ,∇µq s (1.2)
We will refer to gµν as the Einstein-frame metric, and g˜µν as the Jordan-frame metric [14].
In the absence of the scalar field, test particles would move along geodesics of gµν and would
experience the usual Newtonian force with universal strength GN “ 1{p8piM2P q “ 6.71 ˆ
10´57eV´2 in the non-relativistic limit. Once φ is turned on, test particles will instead follow
geodesics of the Jordan-frame g˜µν , and hence experience a new apparent force.
For the simple Jordan-frame metric,
g˜µνpgαβ, φ,∇µq “ gµν ` c¯φ φ
MP
gµν ` d¯∇µφ∇νφM4 , (1.3)
this scalar-mediated fifth force has two components: a conformal piece controlled by the
c¯φ φ gµν term, with typical strength comparable to GN (for c¯φ „ Op1q an order one dimen-
sionless coupling), and a disformal piece controlled by the d¯∇µφ∇νφ term, with typical
1 For massless particles, mA is replaced by the particle’s energy.
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strength set by the constant scale M (for d¯ „ Op1q an order one dimensionless coupling).
The ladder expansion treats this disformal term as a small perturbation, but will break down
once the disformal coupling competes with the conformal coupling to matter,
Ladder expansion breaks down when:
∇µφ∇νφ
M4 Á
φ
MP
gµν (1.4)
which naively happens when p∇φq2{φ „ ∇2φ ÁM4{MP . The condition (1.4) when moving
past a point source with velocity v corresponds to L Á 1.
If φ were to play the role of dark energy2, one typically requires 1{M2 „ 1{pMPH0q „
106 eV´2 to reproduce ΛCDM-like background evolution, and this is over 60 orders of magni-
tude stronger than GN . As a result, it is very easy for the disformal piece to be the dominant
contribution to the fifth force. In particular, for a planet of mass m on a gravitationally
bound orbit around the Sun (v2 „ GNMSun{r), the ladder parameter is given by,
L « 1016
ˆ
1 AU
r
˙4 ˆ m
MSun
˙1{2
(1.5)
and the ladder expansion is only valid for Earth-sized planets if the orbit is larger than
r „ 103 AU! It is therefore vital, if attempting to constrain disformally coupled dark energy
using planetary motion in our solar system, to go beyond the perturbative ladder expansion
and capture the L " 1 regime of this theory.
In the following, we will show how to successfully resum the ladder expansion to all orders
in L, providing solutions to the classical equations of motion which are valid at any separation
and any relative velocity. When taking the limit L " 1, we find that the disformal interaction
results in an efficient screening of the field (rather than producing very large effects, which
might have been naively expected). A complementary way to view this resummation is as
a modification to the φ propagator: the disformal coupling plays the role of a new effective
kinetic term for the scalar, and in regions where L " 1 this modification suppresses the
propagation of φ signals between the two bodies.
Interestingly, we find that this resummation is not always unique: there is an ambigu-
ity associated with the presence of non-perturbative effects. The perturbative resummation
is providing novel information about non-perturbative physics, an unexpected example of
resurgence (see [63] and references therein). This resurgence takes place classically, but can
nonetheless be viewed as an instanton contributions arising from different saddle points in
the effective action which determines φrxpτqs as a worldline functional.
Finally, given the similarity in scales and the breakdown condition (1.4), it is tempting
to regard this ladder screening as some Einstein-frame manifestation of the usual Vainshtein
2 We stress that we focus on the simple toy model (1.2) to highlight the effects of a disformal coupling, and
it should not be viewed as a viable theory for dark energy—the disformal effects discussed here are sufficiently
general that in future they may be embedded in a more sophisticated scalar-tensor theory in which φ is a
viable dark energy candidate.
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mechanism [18]. If there were such a connection, it would be very remarkable: since Vainshtein
relies on non-linearities, computing the screened profile around multiple bodies is a long-
standing open problem. However, the ladder screening observed here differs from Vainshtein
in a number of aspects. For instance, it does not seem to occur for single bodies, is absent if
both particles are at rest, and is controlled by the geometric mean
?
m1m2 of the masses. We
will show explicitly in an upcoming work [64] that an explicit field redefinition of the simple
model (1.2) to the Jordan-frame results in a particular Horndeski theory (namely the quartic
DBI Galileon [65, 66]) in which the gravitational mixing exactly cancels the Galileon-type
operators which are usually responsible for Vainshtein. Consequently, this ladder screening
appears to be independent of the Vainshtein mechanism. Furthermore, note that our screening
is also distinct from the “disformal screening” mechanism proposed in [28, 66] (in which large
ρ means that φ is independent of the local energy density), the “derivative chameleon” of [67]
(see also the discussion in [31]), and other kinetic screening mechanisms in which X :“ p∇φq2
becomes large (here, φ{MP and p∇φq2{M4 both remain small on all scales of interest). As
far as we are aware, the ladder resummation presented here results in a novel, genuinely
two-body, screening effect.
We will now turn to Section 2 and provide a more general discussion of the scales at
which a perturbative ladder expansion is valid, and then in Section 3 return to the simple
theory (1.2) and show explicitly how to go beyond the ladder expansion for binary systems
(with Sm being two point particles). This generically results in up to four undetermined
constants which are not fixed by the ladder expansion. In Section 4, we will solve (at leading
order in a Post-Newtonian expansion) the resummed ladder equation for the scalar field and
show that the resulting fifth forces are screened like 1{L in the L " 1 regime. We will also
demonstrate explicitly that the undetermined constants can be viewed as ambiguities in the
Borel resummation of the ladder series, which are often attributed to instanton-like (non-
perturbative) effects. Finally, in Section 5 we compute the backreaction of these fifth forces
on an elliptic Keplerian orbit, which leads to an additional precession of the perihelion. Using
observational bounds on the precession of planets in our solar system, we place constraints
on the conformal/disformal couplings in the toy model (1.2) as a simple demonstration of
how the screening opens up large regions of parameter space which may have otherwise been
(incorrectly) excluded on the basis of the ladder expansion (which is not valid for lowM, for
instance the scales encountered in dark energy). Finally, we conclude in Section 6 with some
discussion of future work.
Conventions: Greek indices (µ, ν, ...) denote spacetime coordinates p0, 1, 2, 3q, while low-
ercase Latin indices (i, j, ...) denote spatial coordinates p1, 2, 3q. Uppercase Latin indices
(A,B, ...) denote the particle label (1 or 2), and the variable ν will denote the mass ra-
tio m2{m1. Covariant derivatives, ∇µ, are defined with respect to gµν , which is used to
raise/lower indices, and also to normalize delta functions,
ş
d4x
?´gδ4pxq “ 1. The first
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derivative of φ can be used to form the Lorentz scalar X “ gµν∇µφ∇νφ in the Einstein
frame. An over-tilde denotes analogous tensor quantities constructed with respect to the
effective g˜µν , e.g. ∇˜, X˜, etc. The speed of light3 will be set to one throughout, but the
Planck mass, MP , will always be explicitly included. The Minkowski metric is given by
ηµν “ diagp´1,`1,`1,`1q in Cartesian coordinates.
2 Breakdown of the Ladder Expansion
We will focus on metric theories of gravity, gµν , plus an additional scalar field, φ, (playing
the role of a dark sector), coupled to external matter sources (denoted ψ),
S “ SST rgµν , φ,∇µs ` Smrg˜µν , ψ, ∇˜µs . (2.1)
The classical equations of motion are,
´2Eµνg “
δg˜αβ
δgµν
Tαβ , (2.2)
´2Eφ “ δg˜αβ
δφ
Tαβ , (2.3)
where the vacuum equations are Eµνg “ δLST {δgµν and Eφ “ δLST {δφ, and the energy-
momentum tensor is4,
Tµν “ 2?´g
δSm
δg˜µν
. (2.4)
Bekenstein Metric: Bekenstein argued that the most general coupling compatible with
causality may have a conformal and a disformal part [68],
g˜µν “ Cpφ,Xqgµν `Dpφ,Xq∇µφ∇νφ , (2.5)
where X “ ∇µφ∇µφ. This gives equations of motion,
´2Eµνg “ CTµν ` Tµνφ `∇µφ∇νφ
´
C,XT `D,X∇αφ∇βφTαβ
¯
(2.6)
´2Eφ “ C,φ T `D,φ Tµν∇µφ∇νφ
´ 2∇α
”
DTαβ∇βφ`∇αφ pC,Xgµν `D,X∇µφ∇νφqTµν
ı
, (2.7)
where T “ Tµνgµν is the trace of the energy-momentum tensor. The choice C “ 1, D “ 0
recovers GR (the scalar field decouples), but generally the conformal and disformal couplings
provide new source terms for the fields.
3 We will not introduce photons explicitly, but of course they will have different apparent speeds if measured
with respect to gµν versus g˜µν . By “speed of light” here, we simply mean that coordinates are chosen so that
a Minkowski background metric for gµν has ´η00 “ η11 “ η22 “ η33.
4 Note that this Tµν differs from the Jordan frame T˜µν by a volume factor,
?´g˜{?´g.
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Power Counting Scales: We are going to treat (2.1) as a low-energy effective field theory
(EFT). In particular, we are going to expand in the dimensionless quantities,
φ
MP
,
∇φ
M2 ! 1 (2.8)
where for dark energy one often chooses M2 “ MPH0, where H0 is the Hubble rate today
(but we will endeavour to keep M as general as possible, so our analysis also applies to
phenomenological dark matter models or strong gravity corrections from some underlying
UV theory). For instance, the Bekenstein metric should be read as,
g˜µν “ Cˆ
ˆ
φ
MP
,
X
M4
˙
gµν ` Dˆ
ˆ
φ
MP
,
X
M4
˙ ∇µφ∇νφ
M4 , (2.9)
where Cˆ and Dˆ are dimensionless functions.
Flat Background: Consider expanding around a flat background,
gµν “ ηµν ` hµν
MP
, φ “ 0` ϕ (2.10)
where the fluctuations phµν , ϕq and their derivatives p∇αhµν , ∇αϕq are smaller than MP
and M2 respectively. To leading order in MP and M4, the Bekenstein metric can then be
expanded5,
g˜µν “ ηµν ` 1
MP
hµν ` c¯φ ϕ
MP
ηµν ` d¯BµϕBµϕM4 ` ... (2.11)
where c¯φ and d¯ are now constants (and we have rescaled
6 so that Cp0, 0q “ 1). Note that there
is, in principle, an additional term at this order from the conformal interaction, p∇ϕq2ηµν ,
but we will not include that here7.
For now, let us assume that Eφ is linear in the field—i.e. if the scalar-tensor SST has a
canonical kinetic term for φ, then the homogeneous equation of motion is simply,
Eφ “ lϕ` ... (2.12)
5 Note that some authors include an additional factor of 2 in the conformal coupling (2c¯φϕ{MP ) so that the
ϕ sourced by a point mass is equal to c¯φ ΦN , the Newtonian potential. However, then the effective one-body
metric has awkward numerical factors. We prefer this normalisation (c¯φϕ{MP ) in which ϕ “ c¯φΦN{2 around
a point mass, since the force communicated by both polarisations of the graviton should physically be a factor
of two larger than the force communicated by a single scalar (for order one couplings).
6 In principle one could also rescale M to set |d¯| “ 1 at this order, but to keep track of the overall sign of
the disformal interaction d¯ should not be removed completely. We will instead fix M according to the desired
physics of φ (whether it is dark matter, dark energy, etc.), and then consider d¯ as a free parameter which takes
values „ Op1q of either sign.
7 Note that since both T and lϕ have support only on the worldlines (see (2.15)), the product Tlϕ will
not contribute to our equation of motion for ϕA. This p∇ϕq2T term therefore only contributes a term like
∇µϕ∇µT , but since ∇µT scales like an acceleration it is often a small effect.
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where l “ ηµνBµBν . We will return to possible non-linearities in Eφ at the end of this section.
Similarly, a canonical kinetic term for the metric gives the usual Einsten tensor8,
Eµνg “M2P
ˆ
Rµν ´ 1
2
Rgµν
˙
. (2.13)
The metric perturbations in de Donder gauge9 then obey the usual linearised Einstein
equation, namely the expansion of (2.2),
lhµν ´ 1
2
ηµνlh “ 1
MP
Tµν ` ... (2.14)
while the scalar field equation (2.3) is now sourced by just two terms,
lϕ “ ´ c¯φ
2MP
T ` d¯M4∇µ r∇νϕT
µνs ` ... (2.15)
where T “ Tµνgµν is the Einstein-frame trace of the energy-momentum tensor. Note that
the disformal coupling between ϕ and Tµν is linear in the scalar field, and so for a given T
µν
any superposition of solutions (ϕ1 ` ϕ2) is also a solution.
Ladder Expansion: When faced with a source term like ϕT in (2.15), it is tempting to
treat it perturbatively. That is to say, if one expands the field,
ϕ “ ϕp0q ` ϕp1q ` ... (2.16)
such that the leading order piece solves,
lϕp0q “ ´ c¯φ
2MP
T , (2.17)
then one can study the effects of the ϕT mixing as a small correction.
lϕp1q “ d¯M4 ∇µ
”
∇νϕp0q Tµν
ı
. (2.18)
This provides a way of solving for the field profile perturbatively10, to any desired order in
1{M4. Each term in this expansion can be represented as a ladder diagram, in which the
scalar field sourced by the matter distribution at leading order then acts as a new effective
coupling which generates subleading corrections to the scalar field. For the case of two point
particles, the diagrams corresponding to ϕp0q, ϕp1q and ϕp2q are shown in Figure 2.
8 Eµνg also contains the energy-momentum from φ’s kinetic term, ∇µφ∇νφ´ 12gµνX, but this is subleading
in the metric equation (2.14).
9 The linearised gauge condition sets ∇βhβα “ 12∇αh, i.e. the trace-reversed graviton is transverse.
10 Rather than treating the disformal term as an “interaction” for ϕ, one could alternatively view it as a
modification to the propagator. For point particles, Tµν is singular and so it is more useful to treat it as an
interaction to be resummed.
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Validity of the Ladder Expansion: When does this expansion break down? To estimate
the relevant scales at which this expansion is trustworthy, let us assume that Tµν describes a
localised mass m a spatial distance r away,
T „ m
r3
ñ ϕp0q „ m
MP r
. (2.19)
The first correction, ϕp1q, can then be estimated from (2.18) as,
ϕp1q „ m
2
MPM4r4 ñ
ϕp1q
ϕp0q
„ mM4r3 . (2.20)
The corrections from subsequent ladder diagrams can become order one when,
r3 „ mM4 “: R
3
V . (2.21)
This is also the scale at which higher derivative terms can become important in theories
with (weakly broken) Galileon symmetry, and is conventionally referred to as the Vainshtein
radius. We will return to these additional operators at the end of this section—here, we
simply wish to emphasis that at distances smaller than RV , the perturbative ladder
expansion may no longer be a good approximation.
We stress that these rough scaling arguments can over-estimate the size of corrections,
as we have assumed that all derivatives Bµ „ 1{r. This is, of course, not quite the case—for
instance in static or spherically symmetric situations, then time and angular derivatives are
hugely suppressed. A more refined estimate of the scale at which the ladder approximation
breaks down is given by considering Tµν „ m
r3
uµuν , where uµ is the four-velocity of the mass.
This then suggests that,
ϕp1q
ϕp0q
„ mv
2
M4r3 , (2.22)
and the scale at which the ladder approximation breaks down is rather r3 „ v2R3V , a factor
of v2 smaller than the conventional Vainshtein radius. We will refer to this dimensionless
combination as the ladder parameter11,
L „ v
2R3V
r3
, (2.23)
such that the ladder expansion is no longer valid whenever L Á 1. This scale was also recently
observed in [62].
The Need for Resummation: The key observation that we wish to make is that perturba-
tive expansions of the kind above are only valid at sufficiently large distances and sufficiently
low velocities (i.e. when L ! 1). For instance, if φ were to play the role of dark energy on
cosmological scales, the typical scale required for M2 („ MPH0) would fix RV „ 108 AU
11 In two-body systems, the relevant Vainshtein scale is the geometric mean,
a
RV1RV2 , as we will show
explicitly in Section 3.
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around the Sun and RV „ 106 AU around the Earth. Consequently, if one imagines placing
an Earth-like mass at a distance of 1 AU from the Sun, the condition L ! 1 corresponds to
v2 ! 10´21 (in units where the speed of light is unity). Even the smallest of relative motions
with respect to the Sun, at an Earth-like orbital distance, would place us firmly in the regime
v2R3V " r3 and invalidate a ladder expansion.
Furthermore, for gravitationally bound binary systems, the typical virial velocity is v2 „
RS{r, where RS is the Schwarzschild radius (of m1 ` m2). The ladder expansion for dark
energy (M2 „ MPH0) would then require H20r2 " R2S{r2, where H0 corresponds to the
Hubble rate today. The ladder expansion breaks down in this case whenever the orbital size
in Hubble units becomes comparable to the inverse orbital size in Schwarzschild radii (a useful
rule of thumb).
Rather than describing the effects of the disformal coupling perturbatively, what is re-
quired at short distances is a resummation of the ladder diagrams,
ř8
n“0 ϕpnq. This is possible
in simple cases, as we will show for two point particles in Section 3 (and depicted graphically
in Figure 2).
Comparison with Vainshtein Mechanism: While the ϕT mixing is linear in ϕ, if treated
perturbatively as an interaction we have seen that it leads to a cutoff of order RV . Contrast
this with the genuine non-linearities which may appear in Eφ—for instance, a cubic Galileon
interaction in SST would give,
Eφ “ lϕ` g3
Λ33
∇µ∇rµϕ∇ν∇νsϕ` ... (2.24)
where Λ3 is a new constant scale which suppresses higher derivative operators, and can be as
low asM4{MP (thanks to the Galileon symmetry which is only weakly broken by gravitational
interactions [69]). In this case, if one solves (2.17) for ϕp0q, then the ϕp1q correction depends
on both the non-linearities in Eφ and the matter coupling,
lϕp1q “ d¯M4 ∇µ
”
∇νϕp0q Tµν
ı
´ g3
Λ33
∇µ∇rµϕp0q∇ν∇νsϕp0q . (2.25)
A rough scaling argument as before indicates that,
ϕp1q
ϕp0q
„ R
3
V
r3
„
d¯ v2 ` g3 M
4
MPΛ33

. (2.26)
Note that in the weakly broken Galileon power counting, MPΛ
3
3 „ M4, and so RV is also
the scale at which non-linearities from Eφ will become important. One consequence of this is
that the effects of the disformal coupling (for non-relativistic velocities, d¯v2 ! g3) are always
subdominant to the higher derivative operators, if the latter have the lowest possible scale
which is protected by the broken Galileon symmetry.
In this work, we will focus on low-energy theories which do not have a parametric sepa-
ration of scales between Λ3 andM. For instance, rather than integrating out new (Galileon-
invariant) physics at the scale Λ3 (which would produce e.g. (2.24), with M4 „ Λ33MP ), we
– 9 –
instead imagine that heavy fields have been integrated out directly at the scale M, where
the only symmetry is an approximate shift symmetry for φ. In an upcoming work [64], we
demonstrate that this choice is also consistent with the physics in the Jordan-frame: a field
redefinition of a purely disformal coupling in the Einstein-frame (which lives at M) into
the Jordan-frame results in a special Horndeski theory (which enjoys a cancellation of every
operator below M) that does not exhibit conventional Vainshtein screening at RV .
We will now focus on the simple action (1.2) for a free scalar field in the Einstein frame,
with constant conformal and disformal couplings to matter, and consider the motion of two
point particles. As we will see, the resummation of the ladder series to all orders is possible
in this frame thanks to the linear nature of the ϕT mixing.
3 Ladder Resummation in Binary Systems
To illustrate these effects more concretely, consider two point particles with masses m1 and
m2 moving along worldlines x1pτq and x2pτq. The relevant matter action is,
Sm “ S1 ` S2
SA “
ż
dτA
mA
2
ˆ
´ g˜µνpxAqu
µ
Au
ν
A
e˜A
` e˜A
˙
(3.1)
where uApτAq “ BxApτAq{BτA is the particle four-velocity, g˜µνpxApτAqq is the metric evalu-
ated on the particle worldine, and e˜ApτAq is an auxilliary field which can be integrated out
straightforwardly,
δSA
δe˜A
“ 0 ñ e˜A “
b
´g˜µνpxAquµAuνA , (3.2)
and is nothing more than the Jordan-frame norm of the four-velocity. We will continue to
write e˜A explicitly because it makes the wordline reparametrization manifest
12 and will allow
for a straightforward massless limit to be taken (see (3.34)).
The corresponding stress-energy of each particle is localised on their respective worldlines,
TµνA pxq “ ´mA
ż
dτA
e˜A
uµAu
ν
A δ
p4qpx´ xAq . (3.3)
The metric perturbation can be decomposed into hµν1 ` hµν2 , so that (2.14) becomes a
pair of equations,
lhµν1 ´
1
2
ηµνlh1 “ 1
MP
Tµν1 , lh
µν
2 ´
1
2
ηµνlh2 “ 1
MP
Tµν2 , (3.4)
and we can solve for the metric sourced around particle 1 and around particle 2 independently
at this order.
12 In a general wordline gauge, e˜Apτq depends on τ , but we will only consider gauges in which e˜A is constant—
this simplifies many subsequent expressions since Bτ e˜A can be neglected. This restriction to constant e˜A gauges
corresponds to only allowing rescalings τ Ñ ατ , rather than full wordline diffeomorphisms, τ Ñ fpτq.
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Exploiting the linearity of the ϕ equation of motion (2.15), we can similarly split the field
ϕ “ ϕ1 ` ϕ2 and solve a pair of coupled equations,
lϕ1 “ ´ c¯φ
2MP
T1 ` d¯M4∇µ p∇νϕ2T
µν
1 q , (3.5)
lϕ2 “ ´ c¯φ
2MP
T2 ` d¯M4∇µ p∇νϕ1T
µν
2 q ,
where we have neglected any self-energy divergences13 that arise from evaluating fields (and
delta functions) directly on their own worldlines, i.e. terms of the form ϕATA. This should be
read as particle A sourcing a field ϕApxq, which can then also act as a background on which
the other particle sources its field. In the absence of the disformal interaction, the equations
decouple and the field around each particle is sourced independently.
The goal is to solve the equations of motion (3.4) and (3.5) for hµνpxq and φpxq as
functionals of the wordline trajectories, and then to solve the matter equations of motion,
aµA ` Γ˜µαβpxAquαAuβA “ 0 , (3.6)
for xApτq, where Γ˜µαβpxq are the Jordan-frame Christoffel symbols of g˜µνpxq. We will separate
Γ˜µαβ into three pieces, namely the Γ
µ
αβ from the background metric (in our case ηµν), the lin-
earised δΓµαβ from the Einstein-frame fluctuation hµν , and the remaining scalar contributions.
The geodesic equation is then,
aµA ` ΓµαβpxAquαAuβA “ FµhA ` FµϕA , (3.7)
where FµhApτq “ ´δΓµαβpxAquαAuβA is the usual gravitational force, and FµϕApτq “ ´pδΓ˜µαβpxAq´
δΓµαβpxAqquαAuβA is the scalar-mediated fifth force, given at leading order by,
FµhApτq “
1
MP
˜
uαAu
β
A
2
∇µhαβpxAq ´ uβABτhµβpxAq
¸
, (3.8)
FµϕApτq “ ´
c¯φ
MP
ˆ
e˜2A
2
∇µϕpxAq ` uµABτϕpxAq
˙
` d¯M4∇
µϕpxAq
´
B2τϕpxAq ´ aβA∇βϕpxAq
¯
. (3.9)
The gravitational and the conformal fifth forces are functionally very similar, however the
disformal fifth force exhibits many novel characteristics. As we shall see, the disformal inter-
action leads to a memory effect which is effectively non-local in time: if the matter distribution
changes sufficiently quickly (e.g. if two particles have a sufficiently large relative velocity),
then this memory effect is large, and any “approximately static” approximation will break
down14. In the remainder of this section we will solve the field equations for hµν and ϕ, and
13 Physically, these divergences would be regulated by (subleading) finite size effects.
14 We believe this is one reason why the ladder screening mechanism presented here has not been observed
before. The static approximation is usually a key ingredient when deriving screened profiles, e.g. Vainshtein,
around single sources.
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then in Section 4 compute these forces explicitly, and discuss the effects that they have on
the trajectories of binary systems.
3.1 Relativistic Motion
It will prove useful to first define some notation which will allow us to massage (3.5) into
a tractable form for arbitrary motion. Then in Section 3.2 we will focus on non-relativistic
velocities and solve the equation in a Post-Newtonian expansion.
Kinematic Variables: At every τ , each particle defines a privileged origin for our space-
time coordinates, in which xA “ p0, 0, 0, 0q. We can describe this covariantly using the
separation,
rµApx, τq “ xµ ´ xµApτq . (3.10)
Although the action is an integral over spacetime coordinates, xµ, and wordline time, τ ,
thanks to the symmetries of the problem we know that solutions should only depend on the
distances from the worldlines (3.10). Also, the causal structure of the background spacetime15
allows us to associate a unique τ on each worldline to every point xµ, namely the solution to,
ηµν r
µ
Apx, τ¯AqrνApx, τ¯Aq “ 0 ñ τ¯Apxq . (3.11)
This gives a notion of the “retarded positions” and “retarded separations”,
x¯µApxq “ xµApτ¯Aq , r¯µApxq “ rµApx, τ¯Aq , (3.12)
which depend on xµ only. For a two body system, we can also define iterated retarded
positions as follows:
x¯µ1 pxq “ x¯µ1 px¯2pxqq , x¯µ2 pxq “ x¯µ2 px¯1pxqq . (3.13)
Physically, x¯Apxq is the worldline position at which a null signal could be emitted from particle
A to the opposite particle, and then propagate from there to reach the spacetime point x.
Similarly, the iterated retarded separations are,
r¯µ1 pxq “ r¯µ1 px¯2pxqq r¯µ2 pxq “ r¯µ2 px¯1pxqq
“ x¯2pxq ´ x¯1pxq , “ x¯1pxq ´ x¯2pxq . (3.14)
as depicted in Figure 1.
Furthermore, we will use the particle 4-velocities to define a distance,
RApx, τq “ rA ¨ uA
e˜A
, (3.15)
15 More generally, it is gµν which should be used to define the retarded τ¯ , since it is the Einstein-frame
metric which determines the causal cones for ϕ and hµν .
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xx¯1pxq
r¯1
x¯2pxq
r¯2
¯¯x1pxq
¯¯r1
2
1
x
x¯2pxq
r¯2
x¯1pxq
r¯1
¯¯x2pxq
¯¯r2
2
1
Figure 1. Iterated retarded positions on the wordlines. The exchanged signal could be a graviton or
a scalar (or any massless fluctuation), and propagates along null geodesics between the two particles.
and define the retarded spatial separations16 R¯Apxq, R¯Apxq, etc., as above. For inertial
motion, RA does not depend on τ since it represents the spatial distance from the particle in
the particle’s own rest frame.
As a final piece of notation, we will also replace MP and M4 with their corresponding
constant length scales,
RSA “
mA
8piM2P
, RVA “
´ mA
4piM4
¯1{3
, (3.16)
which represent the Schwarzschild and Vainshtein radius of each mass. With the notation
set, we can now solve the equation of motions (3.4) and (3.5) fully relativistically.
Metric Fluctuations: Let us begin with the linearised Einstein equation (3.4). The solu-
tion is well-known, and in terms of the retarded positions defined above reads,
hµνA pxq “
RSA
R¯Apxq
uµAu
ν
A ´ e
2
A
2 g
µν
e˜2A
, (3.17)
(see Appendix A for the derivation). The metric fluctuation falls off like RSA{r, where r is the
spatial separation between x and the retarded position x¯Apxq. Note that the e2A “ ´ηµνuµAuνA
in the numerator differs from e˜A only by terms which are 1{MP or 1{M4 suppressed, and
thus contributes a correction only at next-to-leading order.
Ladder Expansion: Now we turn to the scalar equation of motion (3.5). Expanding the
field as in (2.16), one finds,
lϕp0q1 “ ´
c¯φ
2MP
T1 , (3.18)
lϕp1q1 “
d¯
M4∇µ
´
∇νϕp0q2 Tµν1
¯
, (3.19)
16 Note that since r¯µA is null by construction, we have the useful identity R¯Apxq “
a
r¯µAP¯
µν
A r¯
ν
A, where
PµνA pτq “ g˜µν ` uµAuνA{e˜2A is the projection tensor onto space-like components in the instantaneous rest frame
of particle A at time τ .
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and so on. These are straightforward to solve (we defer the algebra to Appendix A), and the
resulting contributions to the field profile are,
ϕ
p0q
1 pxq
MP
“ ´c¯φRS1
R¯1
, (3.20)
ϕ
p1q
1 pxq
MP
“ d¯ R
3
V1
R¯1
B2τ¯1
e˜21
„´c¯φRS2
R¯2

. (3.21)
These are represented by the first two diagrams in Figure 2. This procedure can be contin-
ued straightforwardly for ϕp2q, ϕp3q , etc. This is the relativstic generalisation of the results
obtained in [60, 61] in the Newtonian limit.
Ladder Resummation: Formally, the ladder series takes the form,
ϕ1 “
8ÿ
n“0
ϕ
pnq
1 , (3.22)
where the nth term can be expressed recursively using the preceding terms,
ϕ
pnq
1 “ Dˆ1
”
ϕ
pn´1q
2
ı
“ Dˆ1Dˆ2
”
ϕ
pn´2q
1
ı
, (3.23)
by using the two operators,
DˆA rfpxqs “
d¯ R3VA
R¯Apxq
B2τ¯Afpx¯Aq
e˜2A
. (3.24)
This allows us to write,
ϕ1pxq “
8ÿ
n“0
´
Dˆ1Dˆ2
¯n ”
ϕ
p0q
1 pxq ` ϕp1q1 pxq
ı
“ 1
1´ Dˆ1Dˆ2
”
ϕ
p0q
1 pxq ` ϕp1q1 pxq
ı
. (3.25)
This final expression is purely formal, but represents how the infinite series of diagrams should
be resummed (shown graphically in Figure 2).
The full field profile, with no ladder expansion, therefore obeys the differential equation:
ϕ1 ´ Dˆ1Dˆ2 rϕ1s “ ϕp0q1 ` ϕp1q1 . (3.26)
This is the key result for the two-body problem. It allows us to take the first terms in the
ladder expansion, and use them as a source with which to compute the full (non-perturbative)
result.
To make this explicit, consider the ansatz,
ϕApxq
MP
“ ´ c¯φRSA
R¯ApxqGApτ¯Apxqq (3.27)
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so that (3.26) becomes,
G1pτ¯1q ´ d¯2 ν B
2
τ¯1
e˜21
«
R3V1
R¯2px¯1q
B2τ¯2
e˜22
«
R3V1
R¯1px¯1q
G1p¯¯τ1q
ffff
“ 1` d¯ ν B
2
τ¯1
e˜21
«
R3V1
R¯2px¯1q
ff
(3.28)
where ν “ m2{m1 is the mass ratio. This equation determines the effective Newton’s constant
for the scalar force as a functional of the worldline trajectories xApτq only. Note that for small
disformal interactions (dÑ 0), or in the one-body limit17 (ν Ñ 0), this returns the standard
result for a conformally coupled scalar field, G1 “ 1. When including disformal effects in a
relativistic two-body system, G1 is instead given by the full equation (3.28).
Crucially, note that (3.28) is a functional differential equation, because the operator DˆA
returns the function evaluated at a different argument—in this case it maps x¯A to the ¯¯xA
shown in Figure 1. This lies at the heart of what complicates the two-body problem: the
interaction is effectively non-local in time, since it couples the current position/velocity of
the particle to the position/velocity of the particle in its retarded past—the system has some
memory of its past configuration.
One might object at this stage that we have unfairly inverted a differential operator, and
therefore have introduced an unnecessary ambiguity in our G1 solution. That is to say, any
solution to,
fpxq ´ Dˆ1Dˆ2rfpxqs “ 0 (3.29)
can now be added to ϕ1pxq and (3.26) will still be satisfied. Since 1 ´ Dˆ1Dˆ2 is a functional
operator18, it is not immediately clear whether it has a non-trivial kernel (i.e. whether there
are actually any solutions to (3.29)), however there are three possible cases:
• The trajectories xApτq are such that (3.29) has no solutions, in which case (3.28) gives
a unique solution for G1.
• Alternatively, (3.29) might have solutions, but they do not obey the retarded boundary
conditions we have imposed on ϕ (in going from (3.18, 3.19) to (3.20, 3.21)). Such
solutions are inconsistent with the ladder expansion and therefore should be discarded,
in which case (3.28) gives a unique solution for G1.
• Finally, (3.29) could have solutions which do obey the asymptoptic boundary condi-
tions, and (3.28) therefore only provides G1 up to undetermined constants of integra-
tion. These undetermined constants are unavoidable, and correspond to an ambigu-
17 Note that the one-body limit is ν Ñ 0 with e˜A held fixed, while the massless limit is ν Ñ 0 with m2{e˜2
held fixed—we will return to this at the end of this section.
18 Due to the functional nature of the equation, it is not clear how many independent solutions (3.29) will
have. In some cases, there are four independent Airy-like solutions, found by solving,
B2τ¯A
e˜2A
f px¯Aq “ ` R¯Apxq
d¯ R3VA
f pxq or B
2
τ¯A
e˜2A
f px¯Aq “ ´ R¯Apxq
d¯ R3VA
f pxq . (3.30)
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ϕ1pxq “
c
2
1
+
c
d
2
1
+
d
dc
2
1
` ...
“
ÿ
2n
...
d
dc
2
1
`
ÿ
2n`1
...
d d
c2
1
“
´
2
1
2
1
2
1
d
d
˜
c
2
1
`
c
d
2
1
¸
Figure 2. Resummation of the ladder expansion shown diagrammatically. The first two diagrams
on the top line correspond to ϕ
p0q
1 and ϕ
p1q
1 (given in (3.18) and (3.19)), namely the field sourced by
particle 1 at leading and next-to-leading order in the ladder expansion. The two sums on the second
line correspond to the two terms in (3.25), and denote an even/odd number of disformal insertions
respectively. The fraction on the third line corresponds to the 1{p1´ Dˆ1Dˆ2q resummation.
ity in the Borel resummation of the ladder series (due to the so-called Stokes phe-
nomenon). Physically, they represent a non-perturbative correction to the ladder se-
ries (e.g. a contribution like e´r2), which is naively invisible to perturbation theory
(e.g. e´r2 “ 0 ` 0r´2 ` 0r´4 ` ... at large r), but which arises from our resummed
equation via resurgence. The fact that our perturbative resummation can access this
non-perturbative information is remarkable, and can be traced to instanton-like contri-
butions from other saddle points in the effective action. We will discuss these features
further in Section 4.1, with the aid of a fully worked example.
Different regimes: The equation (3.28) is very difficult to solve in general due to its
functional nature. However, there are two limiting cases in which we can make some analytic
progress:
(i) In the ladder expansion regime, r3 " v2R3V , then the disformal terms in (3.28) are small
and can be treated perturbatively, leading to,
G
p0q
1 pτ¯1q “ 1 , Gp1q1 pτ¯1q “ d¯ ν
B2τ¯1
e˜21
«
R3V1
R¯2px¯1q
ff
, etc. (3.31)
which reproduces the ladder expansion ϕp0q ` ϕp1q ` ... derived above.
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(ii) Deep inside the ladder resummation regime, r3 ! v2R3V , the disformal terms in (3.28)
dominate, and we can treat the first Gpx¯1q term as a small perturbation. This reduces
the functional differential equation to an ordinary fourth-order differential equation,
general solutions to which can be parametrised in terms of four undetermined constants.
One solution is given by,
G1pτ¯1px2pτqqq “ ´R¯1px2pτqq
d¯ R3V1
τ2
e˜22
, (3.32)
and so the scalar field experienced by particle 2 due to particle 1 is,
ϕ1px2pτqq
MP
“ ´ c¯φRS1
d¯ R3V1
τ2
e˜22
„ c¯φ
d¯
H20τ
2 (3.33)
plus up to four undetermined constants (which should be matched to the ladder ex-
pansion). This already suggests that, if the scalar field is initially small, then it will
grow very slowly (on Hubble timescales if φ is dark energy) as a result of the two-body
dynamics, resulting in vastly suppressed fifth forces.
From the point of view of solar system tests, two of the most interesting setups are the
deflection of a massless particle past a fixed heavy object (such as photons past the Sun), and
the non-relativistic orbits of light masses around a heavy host (i.e. planetary orbits). We will
comment briefly on the massless limit below, but the remainder of this work will be focussed
primarily on how the Newtonian orbits of binary systems are affected by the presence of a
disformally coupled scalar field, solving (3.28) within a Post-Newtonian expansion.
Massless Particles: The massless limit is taken by sending,
mA Ñ 0 with mA
e˜A
“ E˜A fixed . (3.34)
The stress-energy tensor for a massless particle is then,
TµνA Ñ ´
ż
dτA E˜A u
µ
Au
ν
A δ
p4qpx´ xApτAqq (3.35)
where E˜A inherits the transformation properties of e˜A to maintain wordline reparametrization
invariance, and uµA is now null (g˜µνu
µ
Au
ν
A “ 0) on integrating out E˜A. The Einstein-frame
trace of the stress-energy then vanishes at leading order,
TA “ 0`O
ˆ
RS
r
˙
(3.36)
where the subleading corrections come from the difference between g˜µν and gµν (i.e. u
µ
A is
not null in the Einstein-frame, gµνu
µ
Au
ν
A ‰ 0).
Let us suppose that particle 2 is massless. At leading order ϕ
p0q
2 then vanishes, and (3.28)
becomes,
G1pτ¯1q ´ d¯2 B
2
τ¯1
e˜21
«
R3V2
px¯1 ´ x¯2q ¨ u2 B
2
τ¯2
«
R3V1
R¯1px¯1q
G1p¯¯τ1qq
ffff
“ 1 . (3.37)
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where the Vainshtein radius for the massless particle is now determined by its energy R3V2 “
E˜2{M4. Note that it is therefore not the case that a massless particle will be somehow
immune to the disformal coupling—it will be affected just as any massive particle would, and
there is no violation of the equivalence principle.
Let us further work in the rest frame of particle 1, and suppose that the impact parameter
is orthogonal to the velocity of particle 2,
xµ1 “
¨˚
˚˝˚ τ10
0
0
‹˛‹‹‚ , xµ2 “
¨˚
˚˝˚ τ2b
0
τ2
‹˛‹‹‚ (3.38)
There is then a particularly simple relation between τ¯1 and ¯¯τ1,
τ¯1 ¯¯τ1 “ ´b2 (3.39)
which suggests that it might be possible to solve the functional equation (3.37) exactly.
Pursuing this direction further would allow connection with the Cassini measurements of
the Shapiro time delay [16], and provide an independent constraint on the pc¯φ, d¯q parameter
space. We leave this for future work, and turn now to the problem of two non-relativistic
bodies.
3.2 Post-Newtonian Expansion
From here on, we will consider the scalar field sourced by non-relativistic particles. Not only
is this case phenomenologically relevant, but it achieves an important technical simplification:
it remedies the functional nature of (3.28). In particular, in the Newtonian limit the difference
between the retarded position x¯Apt,xq and the coordinate time position xAptq is small, and
so equation (3.28) becomes an ordinary differential equation for G1ptq (at leading order in
v2A).
Newtonian Limit: Firstly, we fix the worldline gauges e˜1 “ e˜2 “ 1, so that,
u0Apτq “ 1`O
`
v2A, hµν
˘
, (3.40)
where vA is the spatial part of u
µ
A, which we now treat as a small parameter
19. This allows
us to write,
R¯2 “ |x¯1 ´ x¯2| `O
`
v2A, hµν
˘
,
¯¯
R1 “ |x¯2 ´ ¯¯x1| `O
`
v2A, hµν
˘
. (3.41)
The retarded times can also be expanded,
τ¯Apt,xq “ t´ |x´ xAptq| `Opv2Aq . (3.42)
19 Recall that we use units in which the speed of light is unity, and so in this gauge vA “ |vA| represents
the speed of the particle relative to light.
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and so the retarded time derivatives can be written as coordinate-time derivatives,
B
Bτ¯A “
B
Bt `OpvAq (3.43)
and the retarded positions can be written as coordinate-time postitions,
x¯0Apt,xq “ t´ |x´ xAptq| `Opv2Aq , x¯Apt,xq “ xAptq `OpvAq (3.44)
where we have assumed all spatial separations are such that |x´ xAptq|Bt ! 1.
Metric Fluctuations: In this limit, the metric perturbations are now given by the usual
Newtonian potential,
h00A pt,xq “ ´ 2RSA|x´ xAptq| , h
ij
Apt,xq “ ´
2RSA
|x´ xAptq| δ
ij , h0iA pt,xq “ 0 . (3.45)
Since we do not go beyond O pRS{rq, it is sufficient to truncate hµν at this order. To capture
the first GR corrections to Newtonian orbits, one must include the Opv2q corrections here.
Scalar Fluctuations: The scalar field profile (3.27) in the Newtonian limit takes the
form20,
ϕApt,xq “ ´ c¯φRSA|x´ xAptq| GAptq (3.46)
where the resummed ladder equation (3.28) determines G1ptq,
G1ptq ´ d¯2νB2t
˜
R3V1
|x12ptq|B
2
t
˜
R3V1
|x12ptq|G1ptq
¸¸
“ 1` d¯νB2t
«
R3V1
|x12ptq|
ff
, (3.47)
at leading order in the velocities, where x12 “ x1´x2 is the relative spatial separation of the
particles, and we can now treat both terms in G1 as evaluated at the same coordinate time
t. Note that we have discarded time derivatives of G1ptq as velocity-suppressed, but retained
the leading disformal contributions (which „ v2R3V {r3, since the small v can be compensated
by a large RV {r).
The Post-Newtonian expansion has successfully reduced the functional differential equa-
tion (3.28) to the ordinary differential equation (3.47), which is now amenable to a wider
range of analytic and computational techniques. However, it is still a fourth order equation
with functional coefficients, and so finding a closed expression for G1ptq in terms of a general
x12ptq remains challenging. In general, we expect that a solution can be parametrised in
terms of four constants of integration,
G1ptq “ GPI1 ptq `
ÿ
n
cn
|x12|
RS1
fnptq , (3.48)
20 Similarly, next-to-leading-order corrections from the scalar would require keeping Opv2Aq terms in (3.46).
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where fn are the four independent solutions to the generalized Airy equations,
B2t fptq “ ` |x12ptq|d?νR3V1
fptq or B2t fptq “ ´ |x12ptq|d?νR3V1
fptq . (3.49)
As remarked above, the cn do not correspond to new degrees of freedom in the system—rather
they reflect potential non-perturbative corrections which are not captured by the ladder
expansion (we will demonstrate this explicitly in Section 4.1). In practice, we find that
typically only one of the fn is consistent with the ladder expansion, and its coefficient must
be fixed with an independent measurement before the theory becomes predictive (much like
a renormalization condition).
Different Regimes: Deep inside the two regimes, where we can perform the ladder expan-
sion or its inverse, solutions can be found perturbatively.
(i) When r3 " v2R3V (which is even easier to achieve in the non-relativistic limit v ! 1), the
ladder expansion is valid and we have found the first two terms in G in (3.31). These
(fully relativistic) expressions are valid at any velocity, but can be expanded to leading
Post-Newtonian order,
ϕ
p0q
1 pt,xq
MP
“ ´ c¯φRS1|x´ x1ptq|
«
1´ pv1ptq ¨ px´ x1ptqqq
2
2|x´ x1ptq|2 `Opv
4
1q
ff
, (3.50)
ϕ
p1q
1 pt,xq
MP
“ c¯φ d¯ RS1R
3
V2
|x´ x1ptq|
«
3 pv12ptq ¨ x12ptqq2
|x12ptq|5 ´
a12ptq ¨ x12ptq
|x12ptq|4 ´
|v12ptq|2
|x12ptq|3 `Opv
4
12q
ff
,
where x12 “ x1´x2, v12 “ v1´v2 and a12 “ a1´a2. This agrees with the earlier results
of [60, 61]. Schematically, this means that the leading scalar fifth force in this regime
is governed by ϕ
p0q
1 „ c¯φRS1{r „ c¯φh001 and is comparable to the Newtonian potential,
while the disformal interaction introduces small corrections, ϕ
p1q
1 „ d¯ v2R3V2{r3 ϕp0q !
ϕp0q.
(ii) For non-relativistic velocities within the Vainshtein radius, there exists a regime,
r3{R3V ! v2 ! 1 (3.51)
in which the disformal terms are important, but the relativistic corrections are not.
(3.47) then becomes dominated by the disformal terms in d¯, and a particular integral
solution can be written straightforwardly,
d¯ GPI1 ptq “ ´|x12ptq| t
2
R3V1
„ r
3
v2R3V
(3.52)
which is the PN expansion of (3.32). Assuming that the cn are all sufficiently small, this
gives a scalar fifth force mediated by ϕ
p0q
1 „ c¯φh001 r3{d¯v2R3V1 ! h001 , which in this regime
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Figure 3. A cartoon of the four different regimes considered in this work: the relative velocity is
either relativistic (v2 „ 1) or allows for a Post-Newtonian expansion (v2 ! 1), in which case the
disformal insertions can be viewed as “instantaneous” and the ladder diagrams lose their functional
nature, becoming equal-time operators. The ladder parameter L is either small enough to treat the
disformal interaction perturbatively (ladder expansion), or is sufficiently large to focus on the highest
derivative operators (ladder resummation). In the simplest case of a head-on collision, we will also be
able to solve for intermediate values (L „ 1) and show that these two ladder regimes are smoothly
connected.
is hugely suppressed relative to the Newtonian potential. We also note in passing that
the possible non-perturbative corrections in this regime take the simple form,
f1ptq 9 const , f2ptq 9 t ,
f3ptq 9
ż t
dt1
ż t1
dt2 |x12pt2q| , f4ptq 9
ż t
dt1
ż t1
dt2 |x12pt2q|t2 . (3.53)
The ladder expansion in these different limiting cases is depicted schematically in Figure 3.
Newtonian Ladders: In the Newtonian limit, the scalar signals propagate instantaneously
between the two wordlines, and so physically the ladder expansion now becomes a regular
series of ordinary derivative operators (rather than functional operators). In fact, the original
equation of motion for ϕ1 (3.5) in this limit is,
∇i∇iϕ1pt,xq
MP
“ ´c¯φRS1δp3qpx´ x1ptqq ` d¯ R3V1Bt
”
Btϕ2pt,xqδp3qpx´ x1ptqq
ı
(3.54)
and so if we make the ansatz (3.46), then this becomes a coupled system for the GAptq,
G1ptq “ 1` d¯ νR3V1B2t
ˆ
G2ptq
|x12ptq|
˙
, G2ptq “ 1` d¯ R3V1B2t
ˆ
G1ptq
|x12ptq|
˙
. (3.55)
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Removing G2ptq by substitution from (3.55) then produces (3.47). This explicitly demon-
strates that our ladder equation is indeed equivalent to solving the original equations of
motion ϕ.
3.3 Effective One-Body Motion in Jordan Frame
Deriving an effective description of the binary motion of two compact objects in General
Relativity is very much an ongoing area of research. One proposal originates from Goldberger
and Rothstein [70–72] (see [73–75] for reviews) and has recently been extended beyond GR
to include the effects of a light scalar degree of freedom [62, 76, 77]. Here, we are working
to leading order in this EFT in which the two objects are effectively point particles, and will
focus on the Newtonian force experienced due to the disformal interaction.
Effective One-Body Motion: The PN expansion of the geodesic equation (3.7) gives the
familiar Newtonian force law,
aiA ` Γiαβuαuβ “ FihA ` FiϕA (3.56)
where the gravitational and fifth forces are given in (3.8) and (3.9). For instance, the force
felt by particle 2 as a result of particle 1 is,
Fh 2ptq “ ´ RS1|x12|3 x12 `O
ˆ
v2
RS
r
˙
, (3.57)
F
pc¯φq
ϕ 2 ptq “ ´
c¯2φ
2
G1
RS1
|x12|3 x12 `O
ˆ
v2
RS
r
˙
, (3.58)
F
pd¯q
ϕ 2ptq “
d¯c¯2φRS1R
3
V1
|x12|4 G1
ˆ
G1
|x12|2Bt px12 ¨ v12q ´ 3px12 ¨ v12q2
|x12|4 ` 2
9G1
x12 ¨ v12
|x12|2 ´
:G1
˙
x12
(3.59)
where we have separated Fϕ into its conformal and disformal pieces.
As is well known, the gravitational force obeys,
m1Fh 1px1q `m2Fh 2px2q “ 0 , Fh 1px1q ´ Fh 2px2q “ Fˆhpx12q (3.60)
where Fˆhpx12q is the force experienced by a particle at position x12 in the effective one-body
metric21,
hˆ00pt,xq “ ´2RS|x| , hˆ
ijpt,xq “ ´2RS|x| δij , hˆ
0i
A pt,xq “ 0 . (3.61)
where RS “ RS1 ` RS2 is the Schwarzschild scale of the total mass, m1 ` m2. Physically,
this corresponds to conservation of the total 3-momentum22, m1v1 `m2v2, at leading order
21 i.e. Fˆµh px12q “ Γµαβuµ12uν12 “ Γµ00` ... at this order, since one can think of u12 “ p1,v12q` ... as introducing
a new worldline gauge symmetry for x12ptq.
22 There are analogous relations for the time-like equation,
m1F
0
h 1px1q `m2F 0h 2px2q “ 0 , F 0h 1px1q ´ F 0h 2px2q “ Fˆ 0h px12q (3.62)
corresponding to total energy conservation, however the geodesic equations for x01 and x
0
2 are not independent
of the gauge-fixing conditions on e˜1 and e˜2 and (3.56), so can be discarded.
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in RS{r. The two geodesic equations are therefore most easily solved by changing variables
to m1x1 `m2x2 and x12ptq, which reduce to the equation for a single particle moving in the
effective metric (3.61), which is static and spherically symmetric. We therefore express x12 in
terms of two angular variables, Ω, and an effective radius, r “ |x12| ´RS , which corresponds
to writing the effective one-body metric in linearised Schwarzschild coordinates,´
ηµν ` hˆµνpxq
¯
dxµdxν
ˇˇˇ
x“x12ptq
“ ´
ˆ
1´ 2RS
r
˙
dt2 `
ˆ
1` 2RS
r
˙
dr2 ` r2dΩ2 . (3.63)
at OpRS{rq. The resulting gravitational force from hˆµν is then the usual Newtonian central
force,
Fˆrh “ ´RSr2 , Fˆ
Ω
h “ 0 . (3.64)
EOB Motion in Ladder Expansion: When r3 " v2R3V , in the ladder expansion regime,
we have shown that GAptq “ 1 ` ... and the scalar field mediates a conformal force which is
also OpRS{rq, and so this modifies the effective one-body metric in the Jordan frame. This
leading fifth force from the scalar comes entirely from the conformal piece of (3.9), and obeys
a similar relation to (3.60),
m1Fϕ 1px1q `m2Fh 2px2q “ ´RS1RS2 x12ptq|x12ptq|3 pG1ptq ´G2ptqq , (3.65)
Fϕ 1px1q ´ Fϕ 2px2q “ x12ptq|x12ptq|3 pRS1G1ptq `RS2G2ptqq
where the difference G1´G2 „ d¯ v2R3V {r3 is a small disformal correction. This means that, in
the regime r3 " v2R3V , one can construct an effective one-body Jordan-frame metric [78, 79],
ˆ˜gµν “ ηµν ` hˆµν
MP
` c¯φ ϕˆ ηµν
MP
` ... (3.66)
with
ϕˆpt,xq
MP
“ ´ c¯φ pRS1G1ptq `RS2G2ptqq|x|
such that the corresponding force is,
Fˆpx12q “ Fh 1px1q ` Fϕ 1px1q ´ Fh 1px1q ´ Fϕ 2px2q , (3.67)
up to small corrections from the disformal interaction (which were computed explicitly in
[60] in the test mass limit). This allows the geodesic equations to be reduced to an effective
one-body equation for x12ptq at leading order, just as in the usual GR problem. If we express
x12 again in terms of two angular variables, Ω, and an effective radius, r “ |x12|´p1´ c¯
2
φ
2 qRS ,
then we have,´
ηµν ` ˆ˜hµνpxq
¯
dxµdxν
ˇˇˇ
x“x12ptq
“ ´
˜
1´ p2` c¯
2
φqRS
r
¸
dt2`
˜
1` p2´ c¯
2
φqRS
r
¸
dr2`r2dΩ2 .
(3.68)
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up to OpR2S{r2q. The effective force is then the usual Newtonian central force plus a modifi-
cation from the scalar conformal coupling,
Fˆr “ ´RS
r2
˜
1` c¯
2
φ
2
¸
, FˆΩ “ 0 . (3.69)
which has the effect of rescaling Newton’s constant by a factor of
´
1` c¯2φ{2
¯
.
The vanishing of the angular force corresponds to the angular momentum, J, being
conserved, and the angular geodesic equations are then easily solved,
r2ptq 9θptq “ J , (3.70)
where we have written Ω in terms of two spherical angles, one of which (the angle between
x12 and J) is not dynamical, and the other (θ) rotates in the plane orthogonal to J. The
radial geodesic equation is then,
:r ´ J
2
r3
“ ´RS
r2
˜
1` c¯
2
φ
2
¸
`O
ˆ
R2S
r2
, d¯
v2R3V
r3
˙
, (3.71)
at leading order. The subleading disformal corrections enter in two ways: through an ex-
plicit force term F
pd¯q
ϕ (shown in (3.9)), but also through an induced coupling between x12ptq
and the center of mass motion (according to (3.65)). This leads to small perturbations to
the Newtonian motion, which can be even larger than the relativistic corrections of GR if
d¯v2R3V {r3 " R2S{r2 (equivalent to d¯r{RS " H20 t2 for typical dark energy scales).
EOB Motion with Ladder Resummation: However, in the ladder resummation regime,
the disformal piece of the fifth force can dominate. Unless G is sufficiently screened, the
disformal fifth force is much larger than both the gravitational and the conformal force. This
is problematic, since the disformal force does not obey a relation like (3.60)—this can be
understood as the disformal interaction modifying the particle momenta,
pAµ “ mAuAµ ` d¯M4
BϕpxAq
BxµA
BτϕpxAq ` ... (3.72)
ñ pA „ mAvA
ˆ
1` d¯ν2G2RSR
3
V
|x12|4
˙
and so unless23 G2 ! r4{RSR3V when r4{RSR3V ! 1, then the particle momenta receives large
corrections which invalidates the decoupling between center of mass motion pm1x1 `m2x2q
and relative motion px1 ´ x2q, even at very low (naively Newtonian) velocities. Even if one
could devise a new effective one-body scheme for this case, it would clearly be incompatible
with everyday observations. We will assume that the ladder resummation screens the
23 or d¯Ñ 0 or ν Ñ 0, but these limits correspond to turning off the disformal interaction altogether and the
motion reduces to that of a conformally coupled scalar.
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scalar field profile, so that these disformal forces are subdominant to the usual gravitational
force (and g˜µν “ gµν` small corrections throughout the motion), which will be justified a
posteriori by the solutions that we find to (3.47). This rescues a simple effective one-body
description in the Newtonian limit,
:r ´ J
2
r3
“ ´RS
r2
`O
ˆ
R2S
r2
, c¯φ
RS
r
G, d¯
RSR
3
V
r4
G2
˙
(3.73)
in which both the conformal and disformal fifth forces are comparable, and provide small
corrections to the Newtonian trajectory. Once we have solved this effective one-body problem
for x12ptq, we can then use this to compute Gptq using (3.47) (c.f. (3.52)) and show that it
indeed exhibits screening—hence justifying our initial assumption.
Hard vs. Soft Scattering: In both regimes, r3 " v2R3V and r3 ! v2R3V , the leading order
geodesic equation ((3.71) or (3.73)) corresponds to that of linearised Schwarzschild. It can
be integrated once,
E “ 1
2
9r2 ` J
2
2r2
´ R
1
S
r
. (3.74)
where E and J are constants of motion (the energy and angular momentum respectively),
and R1S represents RSp1` c¯2φ{2q in the ladder expansion regime (L ! 1) and RS in the ladder
resummation regime (L " 1). For hard scattering (large 9r or large r 9θ), the term in R1S is
a small correction and the motion is approximately inertial. On the other hand, for small
velocities,
9r „
c
R1S
r
, J „
b
R1Sr . (3.75)
the motion becomes bound (E ă 0), and the gravitational force provides an order one effect
to the trajectory. For hard scattering, the two bodies are initially far apart (L ! 1) and
a ladder expansion is valid, but as they approach each other it breaks down (L " 1, for
sufficiently small impact parameter) and the scalar field smoothly transitions to a screened
solution. For bound orbits, on the other hand, the bodies can remain screened (in the L " 1
regime) throughout their periodic motion, in which case the disformally coupled scalar is
only ever a small perturbation. We will demonstrate this behaviour explicitly in the following
section.
4 Examples of Ladder Screening
In this section, we present various examples of our ladder resummation and screening mech-
anism in action. First, we will focus on hard scattering with relative particle velocity
RS{r ! v2 ! 1. In this case, the particles move inertially towards each other from an initially
large separation, pass through an intermediate region (where the ladder resummation kicks
in and provides screening), and then go out again to large separations (where Newtonian
ϕ „ 1{r behaviour is recovered). This is shown in Figure 4, and demonstrates that it is possi-
ble to smoothly transition from a Newtonian ladder expansion regime to the screened regime.
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Then, we will turn to initial particle velocities v2 „ RS{r, for which gravitationally bound
orbits form. If the orbital separation is well within the ladder resummation regime, then we
can compute G1ptq and show that it is very efficiently screened24, as depicted in Figure 5.
These results, together with solar system observations of planetary orbits, will allow us to
place constraints on the pc¯φ, d¯q parameter space in Section 5, which for the first time properly
account for disformal effects at small separations.
4.1 Head-On Collision
First we will consider hard scattering (v2 " RS{r), so the trajectories are approximately
inertial (at leading order in RS{r). The most symmetric case is when the two particles collide
head-on, so that the motion takes place along a line in space. For instance, in the rest frame
of particle 1, the trajectories are,
x1ptq “
¨˚
˝ 00
0
‹˛‚ , x2ptq “
¨˚
˝ 00
vt
‹˛‚ (4.1)
for constant relative velocity v.
In terms of the dimensionless variable,
zˆ “ vt
v2{3RV1
pd¯2νq1{6 , (4.2)
(3.47) takes on a particularly simple form:
G1 ´ B
2
Bzˆ2
ˆ
1
zˆ
B2
Bzˆ2
ˆ
G1
zˆ
˙˙
“ 1`?ν B
2
Bzˆ2
ˆ
1
zˆ
˙
. (4.3)
where we have restricted our attention to zˆ ą 0 (as we can later use the reflection G1pzˆq “
G1p´zˆq to construct the whole solution). Note that ?ν may have either sign (corresponding
to whether d¯ ą 0 or d¯ ă 0).
Ladder Expansion: When zˆ " 1, we can perform a ladder expansion,
G1ptq “ 1`?ν 2
zˆ3
`O
ˆ
1
zˆ6
˙
. (4.4)
Since the derivative operators in (4.3) are suppressed, there are no integration constants to
contend with in this regime—the ladder expansion is unique.
24 One caveat to this is the non-perturbative corrections captured by the cn in (3.48): we tacitly assume
that cn can be fixed by the condition that ϕ and its derivatives are initially very small, and then show that
ϕ will remain small for many orbits. Since the orbit never leaves the ladder resummation regime, we are not
able to match cn onto the asymptotic boundary conditions, as we are able to for the hard scattering case.
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The corresponding force experienced by particle 2 from this ϕ1pt,xq “ ´c¯φRS1G1ptq{|x|
profile sourced by the two-body motion is,
F
pc¯φq
ϕ 2 ptq “
c¯2φ
2
ˆ
1`?ν 2
zˆ3
` ...
˙
Fh 2ptq ,
F
pd¯q
ϕ 2ptq “ d¯c¯2φ
ˆ?
ν
2
zˆ3
` ...
˙
Fh 2ptq , (4.5)
where Fh 2ptq is the usual gravitational force. The disformal interaction provides a small
correction pd¯{zˆ3 „ v2R3V {pvtq3 ! 1q, but the leading conformal force is the same order as Fh
(when c¯φ is order unity).
Solving the Ladder Equation: Let us first consider the homogeneous part of (4.3),
namely,
G1
zˆ
“ 1
zˆ
B2
Bzˆ2
ˆ
1
zˆ
B2
Bzˆ2
ˆ
G1
zˆ
˙˙
, (4.6)
whose solutions are nothing more than the four Airy functions, which have asymptotic ex-
pansions,
Aipzq „ e
´2z3{2{3
z1{4
, Bipzq „ e
2z3{2{3
z1{4
Aip´zq „ sinp
pi
4 ` 2z
3{2
3 q
z1{4
, Bip´zq „ cosp
pi
4 ` 2z
3{2
3 q
z1{4
. (4.7)
As we can see, it is only Aipzˆq (which decays at large zˆ) which can be freely added to G1,
the coefficients of the other three complementary functions must be carefully fixed in order
to respect the ladder expansion (4.4).
The most general solution to (4.3) consistent with the ladder expansion is found to be,
G1
zˆ
“ pi
2
«
c1Aipzˆq ` p1`?νq
ˆ
1
3
Bipzˆq `AipzˆqIBipzˆq ´ BipzˆqIAipzˆq
˙
` p1´?νq
ˆ
2
3
Bip´zˆq ´Aip´zˆqIBip´zˆq ` Bip´zˆqIAip´zˆq
˙ff
(4.8)
which contains one undetermined constant (c1), and where IAi and IBi are the integrals
IAipzq “
ş
dzAipzq and IBipzq “
ş
dzBipzq . This solution is valid for all zˆ (at leading order
in v2 and RS{r), and in particular if we expand at large separations,
lim
zˆ"1G1 “ 1`
?
ν
2
zˆ3
` ... (4.9)
we recover the ladder expansion. (4.8) therefore represents the complete resummation of the
ladder series. The undetermined coefficient arises as a non-perturbative correction, since at
large zˆ, Aipzˆq „ exp
´
´2zˆ3{23
¯
{zˆ1{4 and cannot be seen in a Taylor series expansion about
zˆ “ 8 at any order in perturbation theory.
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Ladder Screening: At small zˆ, the ladder diagrams have resummed into,
lim
zˆ!1G1 “ ´a1zˆ ´ a2zˆ
2 ´ a3zˆ3 ´ a4zˆ4 ´ a5zˆ5 ´ a6zˆ6 `Opzˆ7q . (4.10)
where,
a1 “ pi c¯1
3`1{6Γp´13q
, a2 “ pi
3
c¯1 ´ 1´?ν
3´1{6Γp13q
, a3 “
?
ν
2
,
a4 “ pi
6
c¯1 ´ 2` 2?ν
31{6Γp´13q
, a5 “ pi
36
c¯1 ´ 3`?ν
3´1{6Γp13q
, a6 “ 1
40
. (4.11)
and c¯1 “
?
3
pi c1` 12 p3´
?
νqpi. The coefficients of all zˆ3n terms in this expansion are uniquely
fixed by the perturbative ladder resummation, while the zˆ3n`1 and zˆ3n`2 terms are sensitive
to non-perturbative effects. Note that it is not possible to fix c¯1 by, e.g., demanding a smooth
field profile at zˆ “ 0 (but this is perhaps not surprising since in this toy one-dimensional exam-
ple the Newtonian force Fh 2 is also not smooth when the particles collide)—rather c¯1 should
be viewed as a renormalisation constant which must be fixed (using a single measurement)
before the theory becomes predictive.
This scalar field profile generated as two particle fly past each other demonstrates that
screening can take place as a result of the resummation of ladder diagrams. If one considers
the force experienced25 by particle 2 in the regime zˆ ! bˆ,
F
pc¯φq
ϕ 2 ptq “ ´
c¯2φ
4d¯
`
zˆ3 ` ...˘Fh 2ptq , (4.12)
F
pd¯q
ϕ 2ptq “
2c¯2φ
d¯
zˆ
ˆ
d¯2a1a3
pd¯2νq2{3 `
d¯2zˆpa2a3 ` 3a1a4q
pd¯2νq5{6 `
zˆ2pa23 ` 3a2a4 ` 6a1a5q
ν
` ...
˙
Fh 2ptq ,
(4.13)
we find that it is indeed significantly smaller than the Newtonian gravitational force, sup-
pressed by at least one factor of zˆ „ r3{v3R3V1 , where r is the separation of the particles.
This result provides an important proof of concept—that it is possible to have screened
solutions in the interior which smoothly connect to the ladder expansion at large separations.
It also demonstrates how non-perturbative corrections can arise at short distances whose
coefficients must be calibrated before the theory becomes fully predictive. We will now discuss
these constants of integration in more detail, form the point of view of resurgence.
Borel resummation: There is another (equivalent) way to resum the ladder expansion,
which sheds some light on the undetermined integration constant, c1. In this simple case, the
25 As discussed above, this result does not immediately apply to light deflection experiments such as those
carried out by Cassini (and which provide strong bounds on the PPN parameters γ), because the massless
photon can not be treated non-relativistically. Further analysis of the fully relativistic (3.28) is required to
assess whether a disformally coupled scalar is compatible with solar system tests involving the motion of
photons.
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ladder expansion can be expressed as the infinite series,
G1 “
8ÿ
n“0
p6nq!
p6nq!!!
1
zˆ6n
`?ν
8ÿ
n“0
p6n` 3q!
p6n` 3q!!!
1
zˆ6n`3 (4.14)
where we have used a multifactorial26, n!!! “ npn ´ 3qpn ´ 6q..., with the convention that
0!!! “ 1.
This is an asymptotic series, including more terms only improves the accuracy of the
expansion if zˆ is sufficiently large27 (and the series as a whole only converges if zˆ is formally
infinite). But note that the coefficients of zˆ´n in this series are bounded by n!, and so the
following Borel transform of the sum,
B
«ÿ
n
anz
´n´1, w
ff
“
ÿ
n
an
n!
wn (4.15)
does converge. Using the identity,
1 “ 1
n!
ż 8
0
dwwne´w (4.16)
we see that the Borel transform can be undone by a Laplace transform28, and so one resummed
expression for G1 is,
GB1 pzˆq
zˆ
“
ż 8
0
dw e´zˆw
˜
B
« 8ÿ
n“0
p6nq!
p6nq!!!
1
zˆ6n`1 , w
ff
`?νB
« 8ÿ
n“0
p6n` 3q!
p6n` 3q!!!
1
zˆ6n`4 , w
ff¸
.
(4.17)
This expression is known as the Borel resummation of the series29. See [80] for a review of
these concepts.
Stokes phenomena: The Borel transform of a series can contain singularities at particular
values of w. This leads to an ambiguity in how the Laplace transform is taken, and corresponds
to possible non-perturbative corrections to the series. This is best illustrated with a simple
example. Consider the asymptotic series,
Spzq “
ÿ
n
n!z´n´1 . (4.18)
The Borel transform is given by,
BrSpzq, ws “
ÿ
n
wn “ 1
1´ w (4.19)
26 This can also be written in terms of the Gamma function as p3zq!!! “ 3zΓ p1` zq.
27 At any finite zˆ, there is an optimal (finite) number of terms to include in this series (which gives a
superasymptotic approximation with bounded errors).
28 The sum and the integral can be interchanged since the Borel transformed sum now converges.
29 and gives a hyperasymptotic approximation with further improved errors
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which has a pole at w “ 1. This complicates the Laplace transform needed to undo B, since
we need to specify whether the integration contour should go over or under the pole. The
difference between the two contours is given by the residue of the pole in B,
SB` pzq ´ SB´ pzq “
¿
1
dw
e´zw
1´ w “ 2piie
´w . (4.20)
This is known as a Stokes discontinuity (and the line
ş8
0 dw is known as a Stokes line), and
corresponds to an ambiguity in the Borel resummation. There are two different resummations
we can associate to (4.18), namely
SB˘ pzq “ e´zEipzq ˘ ipie´z (4.21)
When expanded at large z, both of these return the original series plus a non-perturbative
piece30,
lim
z"1S
B˘ pzq “
ÿ
n
n!z´n´1 ˘ ipie´z . (4.22)
The non-perturbative part is naively invisible to the perturbative expansion, but thanks to
the Stokes discontinuity we can actually recover it from the perturbative resummation. This
is the underlying principle of resurgence—see [63] for an introduction to the subject.
In our approach to the ladder resummation, we instead resum the series by inverting a
differential operator. In the simple example (4.18), this corresponds to,
Spzq “
ÿ
n
p´1qnBnz
ˆ
1
z
˙
“ 1
1` Bz
ˆ
1
z
˙
ñ p1` BzqSpzq “ 1
z
. (4.23)
This first order differential equation has a general solution with one integration constant,
Spzq “ e´zEipzq ` c1 e´z (4.24)
and we immediately recognise this integration constant as the ambiguity in the Borel resum-
mation (4.21).
Note that while for simple trajectories like (4.1) we can perform the Borel resummation
exactly, in general we have only the differential equation (3.28). But the interpretation of
these integration constants is now clear—they correspond to ambiguities encountered when
resumming this asymptotic series.
30 Retaining non-perturbative pieces in this way is known as a trans-series.
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A Disformal Instanton: Returning to our ladder series, the Borel transforms are explic-
itly,
B
« 8ÿ
n“0
p6nq!
p6nq!!!
1
zˆ6n`1 , w
ff
“ cosh
ˆ
w3
3
˙
, (4.25)
B
« 8ÿ
n“0
p6n` 3q!
p6n` 3q!!!
1
zˆ6n`4 , w
ff
“ sinh
ˆ
w3
3
˙
. (4.26)
Both of these have singularities at w “ 8, and so the forward Laplace transform (4.17) does
not converge unless the integration contour is deformed. The different choices of contour
correspond to an ambiguity in GB1 pzˆq{zˆ, and is nothing more than the c1 Aipzˆq complementary
function we encountered above.
One way to view this non-perturbative correction is as coming from an instanton of the
effective action which governs the ϕ1 rx1pτqs functional. That is, using the Borel resummation
we can express the field profile using a “path integral”,
GB1 pzˆq
zˆ
“ 1`
?
ν
2
ż 8
0
dw eS
`
effpw,zˆq ` 1´
?
ν
2
ż 8
0
dw eS
´
effpw,zˆq (4.27)
where the effective actions are,
S˘effpw, zˆq “ ´zˆw ˘
w3
3
. (4.28)
The saddle points of S`eff are,
w “ ˘?zˆ at which S`eff “ ¯
2
3
zˆ3{2 (4.29)
and the saddle points of S´eff are,
w “ ˘i?zˆ at which S´eff “ ¯
2i
3
zˆ3{2 . (4.30)
Each of these saddle points corresponds to the asymptoptic behaviour of the four Airy com-
plementary functions (4.7) which appeared in our general solution to (4.3).
These different saddle points (different solutions to the equations of motion) in the QFT
context are called instantons, and provide non-perturbative corrections like those found above.
One of the main ideas behind resurgence is to learn about these instantons (saddle points in an
effective action) using the ambiguities (discontinuities across Stokes lines) in the perturbative
resummation. Here we see that a similar philosophy can be applied to two-body systems,
where the ladder resummation can be used to study the non-perturbative corrections which
arise at short distances.
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4.2 Rutherford Scattering
Now consider the more general scattering problem, in which the particles pass each other with
impact parameter b ‰ 0. Without loss of generality, we can orient our coordinate system so
that,
x1ptq “
¨˚
˝ 00
0
‹˛‚ , x2ptq “
¨˚
˝ 0b
vt
‹˛‚ (4.31)
for constant relative velocity v.
Introducing the dimensionless variables,
bˆ “ b
v2{3RV1
pd¯2νq1{6 , zˆ “ vt
v2{3RV1
pd¯2νq1{6 (4.32)
then (3.47) becomes:
G1 ´ B
2
Bzˆ2
˜
1a
bˆ2 ` zˆ2
B2
Bzˆ2
˜
G1a
bˆ2 ` zˆ2
¸¸
“ 1`?ν B
2
Bzˆ2
˜
1a
bˆ2 ` zˆ2
¸
. (4.33)
Since zˆ ranges from ´8 to `8, the particles cannot be in the ladder resummation regime
(zˆ3 ! 1) for the entire trajectory. We distinguish instead between large impact parameters
(b3 " v2R3V ), for which the ladder expansion is valid for the whole wordline, and small impact
parameters (b3 ! v2R3V ), for which the ladder expansion breaks down at some intermediate
time.
Ladder Expansion: When bˆ is very large, we can construct perturbative solutions for
G1ptq in two regions,
Gout1 ptq “ 1`
?
ν
2
zˆ3
`O
ˆ
1
zˆ6
˙
when zˆ " bˆ (4.34)
Gin1 ptq “ 1´
?
ν
bˆ2 ´ 2zˆ2
pbˆ2 ` zˆ2q5{2 `O
ˆ
1
bˆ6
˙
when zˆ À bˆ (4.35)
Since the derivative operators in (4.33) are always suppressed by large bˆ, there are no integra-
tion constants to contend with in either regime. The matching between the two asymptotic
expansions is then trivially satisfied, namely limzˆ!bˆG
out
1 ptq “ limzˆ"bˆGin1 ptq.
At large separations, when zˆ " bˆ, the force experienced by particle 2 from this profile
is the same as the head-on collision case (4.5), and the impact parameter is unimportant.
Near the distance of closest approach, when zˆ À bˆ, the impact parameter modifies the small
disformal corrections to,
F
pc¯φq
ϕ 2 ptq “
c¯2φ
2
˜
1´ d¯ bˆ
2 ´ 2zˆ2
pbˆ2 ` zˆ2q5{2 ` ...
¸
Fh 2ptq ,
F
pd¯q
ϕ 2ptq “ ´d¯c¯2φ
˜
bˆ2 ´ 2zˆ2
pbˆ2 ` zˆ2q5{2 ` ...
¸
Fh 2ptq , (4.36)
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where Fh 2ptq is the usual gravitational force. The disformal interaction provides a small
correction pd¯{bˆ3 „ d¯v2R3V {b3 ! 1q, but the leading conformal force remains the same order as
Fh (when c¯φ is order unity).
Ladder Resummation: Now consider small impact parameters, bˆ ! 1. We can again solve
for G1 perturbatively in two regimes,
Gout1 ´ B
2
Bzˆ2
ˆ
1
zˆ
B2
Bzˆ2
ˆ
Gout1
zˆ
˙˙
“ 1`?ν B
2
Bzˆ2
ˆ
1
zˆ
˙
`O
´
bˆ2
¯
. when zˆ " bˆ
B2
Bzˆ2
˜
1a
bˆ2 ` zˆ2
B2
Bzˆ2
˜
Gin1a
bˆ2 ` zˆ2
¸¸
“ ´?ν B
2
Bzˆ2
˜
1a
bˆ2 ` zˆ2
¸
`O
´
bˆ2
¯
when zˆ À bˆ
(4.37)
Note that when zˆ " bˆ, we have approximately the same equation as the head-on collision
case (4.3), whose solution is given by (4.8). In the inner region, where zˆ À bˆ, we have a new
solution,
Gin1a
bˆ2 ` zˆ2
“ ´
?
ν
2
zˆ2 `
4ÿ
n“1
dn gnpzq (4.38)
where now the complementary functions are,
g1pzˆq “ 1, g2pzˆq “ zˆ
g3pzˆq “ 3bˆ2zˆ log
ˆ
zˆ `
b
zˆ2 ` bˆ2
˙
` pzˆ2 ´ 2bˆ2q
b
zˆ2 ` bˆ2,
g4pzˆq “ 3
2
bˆ4 log
ˆ
zˆ `
b
zˆ2 ` bˆ2
˙
`
ˆ
zˆ2 ` 5
2
bˆ2
˙
zˆ
b
zˆ2 ` bˆ2 , (4.39)
at this order. When we perform the matching, limzˆ!bˆG
out
1 ptq “ limzˆ"bˆGin1 ptq, the four dn
map onto the four cn of (3.48) (with fn given by (4.7)), and then consistency with the ladder
expansion removes all but one: explicitly, comparing with (4.10),
d1 “ ´a1 , d2 “ ´a2 , d3 “ ´a4 , d4 “ ´a5 , (4.40)
and c1 remains the only undetermined coefficient. Taken together, (4.38) for G
in and (4.8)
for Gout give a complete approximation for the scalar field profile at all zˆ.
As an example, for the particular values31 ν “ 1, d¯ ă 0 and c¯1 ! 1 (i.e. a1 “ 0, a2 “
0, a3 “ ´1{2, a4 « 0.43), this gives a solution,
G1 “
$’’&’’%
1` ... zˆ " 1
1
2 zˆ
3 ` ... bˆ ! zˆ ! 1a
bˆ2 ` zˆ2
´
2a4bˆ
3 ` ...
¯
zˆ ! bˆ
(4.41)
31 Note that it is only possible for both a1 and a2 to vanish if d¯ has the correct overall sign, since a2 depends
on 1`?ν, which is either 0 or 2.
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Figure 4. For Rutherford scattering (a particle travelling at constant speed v past another particle
at rest, with impact parameter b), there is a region around the static particle of radius v2{3RV within
which the disformal effects lead to screening. Above we show four such particle trajectories, with
impact parameters bˆ “ 10´4, 10´3, 10´2 and 10, in units of the screening scale. The dimensionless
field profile ϕ1{MP experienced by particle 2, relative to the Newtonian potential ΦN “ ´RS{r, is
plotted against the dimensionless zˆ.
which is plotted in Figure 4. The non-perturbative coefficient c¯1 can in principle be measured
by going very close to the source, but there the screening is most efficient and the disformal
effects are small.
4.3 Circular Orbits
Now we move on to gravitationally bound orbits, for which v2 „ RS{r. The simplest such
solution for the reduced body motion is,
rptq “ a , θptq “
c
R1S
a
at (4.42)
which corresponds to circular orbits of radius a around the center of mass.
Now since Bt|x12| “ 0 in this case, (3.47) simplifies to,
G1ptq ´ d¯2ν R
6
V1
a4
B4tG1ptq “ 1 (4.43)
the solution to which (consistent with the ladder expansion at large a) is simply G1 “ 1.
What this example demonstrates is that it is not the absolute velocity of the particles which
appears in the ladder parameter L, but rather it is the radial velocity which matters, namely
Bt|x12|.
For perfectly circular orbits, the disformal effects are only present at next-to-leading
order, for instance when going beyond the Newtonian limit to include the effects of the
retarded separations. This is an important exercise, since black hole binaries can quickly
circularise, but is postponed for future work. In practice, most of the orbits we encounter do
have a small eccentricity, and this gives a finite ladder parameter L. For instance, since the
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radial velocity of an orbit v2r „ e2R1S{a, for typical dark energy scales the condition L ! 1 to
neglect disformal corrections corresponds to e2 ! 10´15 for Earth-like orbits around the Sun.
The actual e of the Earth’s orbit is e2 « 10´4, placing us firmly in the L " 1 regime once the
non-zero eccentricity is taken into account. We will therefore pass swiftly on to the case of
elliptic orbits.
4.4 Elliptic Orbits
In this subsection we will solve for the orbital motion of a binary which is bound gravitationally
by Fˆh, and hence has v
2 „ RS{r. First we will review the leading order solution (the well-
known Keplerian elliptic orbits), and then discuss how this is modified in the ladder expansion
regime, r4 " RSR3V , and in the ladder resummation regime, r4 ! RSR3V .
Keplerian Orbits: The leading order geodesic equation (3.74) has solution,
rptq “ ap1´ e
2q
1` e cos θptq (4.44)
where a is the semimajor axis determining the size of the orbit, and e is the orbital eccentricity,
related to the previous constants of motion by,
J “
b
R1S ap1´ e2q , E “ ´
R1S
2a
. (4.45)
The eccentricity, e, obeys 0 ď e ă 1 for bound orbits, where eÑ 0 corresponds to the circular
limit (constant r).
The range of spatial separations is,
r´ ď r ď r` where r˘ “ ap1˘ eq , (4.46)
and the range of radial velocities is,
0 ď 9r2 ď e
2
1´ e2
RS
a
, (4.47)
where the maximum is achieved when r “ ap1 ´ e2q, and for small e is suppressed by e2
relative to the naive v2 „ RS{a expectation (since circular orbits have no change in r). The
ladder parameter in this case is L “ e2R1SR3V1{a4. We will quote the resuls in this section
to leading order in small e, which should be understood as 1 " e " a4{RSR3V when in the
ladder resummation regime L " 1.
Ladder Expansion: In the ladder expansion regime, we have a correction to the scalar
field,
G1ptq “ 1` d¯ R3V2B2t
ˆ
1
rptq
˙
(4.48)
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where rptq is given by the Newtonian solution (4.44) at leading order. This provides a cor-
rection to the conformal fifth force,
δF
pc¯φq r
ϕ 2 “ ´
d¯c¯2φ
2a
RS1R
3
V2
a4
RSp1` c¯
2
φ
2 q
a
`
e cos θ `Ope2q˘ . (4.49)
We also have the disformal fifth force generated by the leading ϕ
p0q
1 profile,
δF
pd¯q r
ϕ 2 “
d¯c¯2φ
a
RS1R
3
V1
a4
RSp1` c¯
2
φ
2 q
a
`
e cos θ `Ope2q˘ . (4.50)
The angular forces, FΩϕA, remain zero and so the angular momentum remains conserved. Note
that both of the radial forces are suppressed by one power of e, and thus vanish for perfectly
circular orbits. Also note that the mass dependence is different: in the limit m1 " m2, it is
the disformal fifth force which provides the largest correction to the orbit.
Ladder Resummation: Now let us contrast this with the ladder resummation regime,
a4 ! R1SR3V . In terms of the eccentric Binet variable32 ρ “ rptq{a, the most general periodic
solution to (3.47) in this regime is,
GA “ a
4
d¯RSAR
3
VA
ρ
2` e2
„
c1 ` 1´ e
2
2
ρ2 ` 1
3
ρ3

. (4.52)
It contains one undetermined coefficient which reflects a potential non-perturbative correction
to the ladder expansion. We take c1 to be order one or smaller, to ensure that GA „ a4d¯RSAR3VA
overall (otherwise the Newtonian EOB approach breaks down).
Taking (4.52) as the leading order estimate of GA, then the conformal and disformal fifth
forces are the same order, and are given by,
δF
pc¯φq r
ϕ 2 “ ´
c¯2φ
4d¯a
RS2
a
a4
RS1R
3
V1
„
c1
ρ
` 1
2
ρ` 1
3
ρ2

(4.53)
δF d¯ rϕ 2 “
c¯2φ
48d¯a
RS
a
a4
RS1R
3
V1
”36c21
ρ6
´ 96c
2
1
ρ5
` 12c1 p7c1 ` 5q
ρ4
´ 24c1 pc1 ` 5q
ρ3
` 21´ 4c1
ρ2
` 4 p26c1 ´ 7q
ρ
´ 5 p8c1 ` 7q ´ 32ρ
3
3
` 40ρ
2
3
` 118ρ
3
ı
(4.54)
32 Solutions to (3.47) in this regime are most conveniently found in terms of the eccentric anomaly, Eptq,
which is related to θptq by,
rptq “ ap1´ e cos Eptqq, cos θptq “ cos Eptq ´ e
1´ e cos Eptq , (4.51)
and has the property that rptq 9Eptq “ aω, where aω “ aR1S{a is a constant frequency. This allows the time
integrals in (3.53) to be performed straightforwardly, and of the resulting complementary functions we find
that only f1 is periodic. We will retain only c1 as a free parameter, so that the leading order Newtonian
solution for the px12, hµν , ϕq system is completely periodic. Although it would be interesting to investigate
the possibility of non-perturbative corrections which are non-periodic, to really diagnose whether other cn are
consistent with our asymptotic boundary conditions would require going beyond the L " 1 approximation
made here.
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Figure 5. With order one couplings (c¯2φ{d¯ “ 1), bound orbits in the ladder resummation regime
(1 Á e " a3{v2R3V „ a4{RSR3V ) experience a fifth force from a disformally coupled scalar field which
is screened by many orders of magnitude relative to the Newtonian potential, ΦN “ ´RS{r. Planets
in our solar system are shown as black points, and the Moon is shown as a grey point. The screening
is less effective for the outermost planets, as discussed in Section 5.
at leading order in e, and are suppressed like 1{L when L " 1.
This concludes our various examples of ladder screening, which together clearly establish
that when L ! 1 one can expect (modulo non-perturbative corrections) an efficient screening
mechanism to take place. Even very simple theories, such as (1.2), with a disformally coupled
scalar are therefore not necessarily ruled out by two-body solar system tests. A re-analysis
of the existing experimental constraints on disformal theories, taking into account this ladder
screening effect, is urgently needed, as is future model-building to embed this mechanism
into a scalar field model which realises desired dark matter / dark energy phenomenology.
We will now describe the planetary precessions in more detail, and use our results to place
rudimentary constraints on the pc¯φ, d¯q parameter space (Figure 6).
5 Solar System Constraints from Planetary Ephemerides
The perihelion precession of the planets can be used to constrain c¯φ and d¯. In this Section
we derive such constraints, and ultimately find that (because of the screening effects) they
are weaker than previously estimated in the literature.
PN Corrections to Orbit: To compute the PN corrections to the Newtonian separation
x12ptq from subleading terms in gµν and the disformal force from ϕ, a more sophisticated
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Figure 6. The precision with which we can account for orbital precession of each planet in the solar
system is shown as a black error bar. The relativistic corrections predicted by GR are resolvable for the
innermost planets (Mercury, Venus, Earth and Mars). The precession predicted here due a disformally
coupled scalar field is shown for two fiducial values of the couplings, c¯2φ{d¯ “ 1 and c¯2φ{d¯ “ 105. The
ladder screening is less effective for the outermost planets, and they experience the largest disformal
effects. Saturn has lower than expected error bars thanks to the Cassini measurements, and so as
c¯2φ{d¯ increases it is Saturn’s orbit which first reveals the presence of a disformally coupled scalar. The
region of pc¯φ{d¯q parameter space ruled out by our observations of Mercury, Mars and Saturn is also
shown (i.e. c¯2φ{dis “ 1 is not currently resolvable in any planetary orbit, but c¯2φ{d¯ “ 105 would have
been observed already in measurements of Saturn and so is ruled out), together with the improvement
forecast by the BepiColombo mission to Mercury.
effective one-body scheme would be required33, since the subleading forces do not obey (3.60)
(see e.g. [81] for a useful review). While it would be interesting to extend existing one-body
techniques to this disformally coupled case (and potentially very relevant for comparable-mass
black hole/neutron star binaries), we will instead take our computed GAptq (valid for any m1
and m2) and focus on the limit
34 ν ! 1, since then we can work entirely in the rest frame
of particle 1 (its motion relative to particle 2 is suppressed by powers of ν) and compute
the orbital corrections straightforwardly. Another simplification in this is that the conformal
force δF
pc¯φq r
ϕ 2 is suppressed relative to the disformal force δF
pd¯q r
ϕ 2 by a factor of ν, so we need
only follow the effects of δF
pd¯q r
ϕ 2 .
33 This can be understood as replacing mAvA with the modified momenta,
pAµpτq “ ´e˜A BSAB 9xµApτq
“ mA
ˆ
ηµν 9xνA ` hµνpxAq
MP
9xνA ` d¯M4
BϕpxAq
BxµA
BτϕpxAq
˙
. (5.1)
and accounting for the resulting mixing between m1v1 `m2v2 and x12 perturbatively.
34 As with the velocity and the eccentricity previously, we treat a
4
RS1R
3
V1
! ν ! 1 in the ladder resummation
regime so that the leading two-body effects are still present even though ν is small.
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The forces induced by the disformal interaction act as a source in the orbital equation,
:r2 ´ J
2
r32
“ ´R
1
S
r22
` δF pd¯q rϕ 2 pr2q ` ... . (5.2)
where r2 “ |x2| ´ R1S is the effective radial variable for x2ptq in the rest frame of particle
1. In terms of the Binet variable, upθq “ ap1 ´ e2q{r2, we can expand about the Newtonian
solution u “ uN ` δu` .., where,
δu2pθq ` δupθq “ ´ 1
u2N pθq
δF
pd¯q r
ϕ 2 puN pθqq
R1S{a
. (5.3)
At small e, the right hand side can always be expanded as a series of cospnθq forcing terms.
This sources many higher harmonics in δu, but also terms which are non-periodic,
δupθq Ą ´α e θ sin θ (5.4)
and which contribute over many cycles to a growing precession of the orbit. Explicitly, after
each orbit the perihelion precesses by,
∆θ “ 2piα (5.5)
in radians per orbit, or,
9˜ω “ 602α 180
2pia
c
R1S
a
(5.6)
in arc seconds per unit time (using the fact that the orbital period T “ 2pi{ω “ 2piaaa{R1S).
Precession in Ladder Expansion: The forces induced by the disformal interaction lead
to an orbital precession, governed by,
δu2pθq ` δupθq “ ´d¯c¯2φ
RS1R
3
V1
a4
`
e cos θ `Ope2q˘ (5.7)
δupθq contains harmonics cospnθq up to n “ 5, but also a non-periodic piece (5.4), which
leads to a precession35,
∆θ “ 2piα with α “ d¯c¯
2
φ
2
RS1R
3
V1
a4
(5.8)
in radians per orbit.
This result is of most interest in the following regime,`
R3SR
3
V
˘1{6 " a " `RSR3V ˘1{4 , (5.9)
where the orbit is big enough to allow for the ladder expansion, but small enough that the
disformal correction dominates over the usual GR one. This is particularly relevant if φ is to
35 Without treating e as small, the precession would be given by, α “ RS1R
3
V1
a4
4´35e2´110e4´10e6
8p1´e2q3 .
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represent a UV-modification of gravity which becomes important in the strong field regime,
or even perhaps if φ were to play the role of dark matter, since then M may be sufficiently
high that this regime include planets in our solar system. For typical dark energy scales, we
are not in this window and we instead require a ladder resummation to describe planetary
motion.
Precession with Ladder Resummation: At small e, the radial component of the disfor-
mal force felt by particle 2 is dominated by,
δu2pθq ` δupθq “ ´ c¯
2
φ
d¯
a4
RS1R
3
V1
5` 6c1
12
`
e cos θ `Ope2q˘ , (5.10)
which gives a precession36,
∆θ “ 2piα with α “ c¯
2
φ
d¯
5` 6c1
24
a4
RS1R
3
V1
(5.12)
in radians per orbit.
Contrast this with (5.8). Had we naively taken the ladder expansion result, and applied
it for small orbits, with a4 À RSR3V (such as the planets in our solar system), we would have
incorrectly concluded that the disformal scalar leads to very large effects. Rather, we see that
when orbital separations are sufficiently small (and hence orbital velocities sufficiently large),
that the effect of the ladder resummation is to screen the effects of the scalar and restore
approximately Newtonian orbits, with corrections of O `a4{RSR3V ˘. The magnitude of this
suppression for the orbits in our solar system are shown in Figure 5.
Solar System Constraints: We have shown that the effects of such a screened fifth force
result in a precession of planetary orbits. If no anomalous precession is detected in our
observations (i.e. no precession in addition to what can be explained by GR and existing
solar system astronomy), then this can be used to place constraints on the (c¯φ, d¯) parameter
space of our disformally coupled toy model37. In the following discussion, we will assume
typical dark energy scales M „MPH0 for the disformal interaction.
Currently, some of our best measurements of Mercury’s orbit are due to the MESSEN-
GER mission (which orbited Mercury from 2011 until 2015) [83–86], and placed experimental
36 Without treating e as small, the full disformal force is,
F
pd¯q r
ϕ 2 “
c¯2φ
d¯a
RS
a
a4
RS1R
3
V1
1
p2` e2qρ3
„
c1 ` 1´ e
2
2
ρ2 ` 1
3
ρ3

ˆ 1
12p2` e2qρ3
“
42ρ2 ´ 84ρ3 ´ 14ρ4 ` 88ρ5 ´ 32ρ6 ` c1 `36´ 96ρ` 84ρ2 ´ 24ρ3˘‰ . (5.11)
It is difficult to find the orbital precession from such a force at general e since there are 1{u terms in the Binet
equation, but at small e we can expand as in the main text, and arrive at (5.12) for the estimated orbital
precession due to disformal effects.
37 There are other ways to constrain screened fifth forces (see for instance [82]), but here we will focus on
orbital precession for concreteness.
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bounds on the perihelion precession on the order of 10´3 ar/yr. An ongoing mission, Bepi-
Colombo [87], launched in 2018 and due to orbit Mercury from 2025, has the potential to
improve this accuracy by an order of magnitude [88, 89], down to approximately 10´4 ar/yr.
At such accuracies, BepiColombo may resolve novel General Relativistic effects [90], and
would also detect a precession from the disformal force given above if c¯2φ{d¯ ą 107.
Estimating the orbital precession for the other planets in the solar system is no mean
feat, since they are affected by a variety of astrophysical effects (Newtonian forces from other
planets and their moons, solar oblateness, asteroids, etc.). However, progress was made in
[91–93] by processing data from 1913-2011 and analysing the EPM2011 ephemerides [94]—in
particular [93] provides an estimate of the observational bounds on any anomalous precession
in the planetary orbits from Mercury out to Saturn (see also [95] for similar estimates for
Mercury and Saturn, and further discussion in [96, 97]. Earlier estimates are also given in
[98, 99]). Interestingly, the error bars for Saturn are lower than may have been expected
thanks to Cassini measurements, and we would have already detected a precession due to
the above disformal force if c¯2φ{d¯ ą 105.
We display these experimental precisions as error bars in Figure 6, together with the
precession from GR corrections and the predicted effects of a disformally coupled scalar
(for two fiducial values of c¯2φ{d¯). If the predicted effects from fifth forces are larger than
our current experimental precision, then this value of (c¯φ, d¯) should be excluded. Since the
screening is less efficient for the outermost planets, it is the orbit of Saturn which is most
sensitive to disformal effects and rules out the largest fraction of parameter space. Even with
the significant improvement that BepiColombo will provide on our measurements of Mercury’s
orbit, since the screening is so strong there it will not rule out any theories which are not
already ruled out by Saturn (in this simple setup (1.2)).
6 Discussion
We have shown that disformally coupled scalar fields have a regime, in which separations are
small and relative velocities are large, that leads to the efficient screening of fifth forces. In this
regime, the conventional ladder expansion breaks down, and must be replaced by a complete
resummation of ladder diagrams—we have achieved this in the form of a functional differential
equation, and shown that (at least for a head-on collision in the Newtonian limit) this agrees
with other resummation techniques (namely Borel resummation). On the theoretical side,
we have also shown that this resummation can introduce additional free parameters into the
theory, capturing the possible non-perturbative effects which are invisible in perturbation
theory. On the phenomenological side, we have shown that our ladder screening mechanism
can render even the simplest disformally coupled scalar compatible with two-body solar system
tests.
We believe that this two-body mechanism is distinct from the usual Vainshtein mecha-
nism, and also quite different from any previously proposed “disformal screening” mechanism.
In an upcoming work [64], we will describe in detail how this theory in the Jordan-frame (the
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quartic DBI Galileon) does not exhibit conventional Vainshtein screening (due to an inter-
esting cancellation of all operators at Λ3), and appears consistent from the point of view of
radiative stability and positivity bounds.
Building from these results, there are a number of interesting directions to pursue in
future. For instance, for concreteness we have focussed on the orbital precession which would
be induced by such a screened disformal force, however there are numerous other experimental
probes of such disformal couplings, and it is now vital that they are also revisited with the
potential for ladder screening in mind.
Furthermore, to exemplify the ladder resummation effects in the simplest possible setting,
we have mostly considered a free scalar field with constant conformal and disformal couplings
to matter. Of course, a more sophisticated scalar-tensor sector may be desired if φ is to
describe dark energy, dark matter, or some strong gravity effect from new UV physics. In
particular, although we have focussed somewhat on the scales relevant for dark energy, it
would be interesting to incorporate this screening mechanism into a dark matter model,
since this screening effect naturally gives rise to a modified force law inside galactic haloes.
Moreover, if one imposes that the speed of tensor modes is approximately equal to that
of light—motivated38 by the GW170817 multi-messenger observation—then the disformal
coupling must be very small, and it would be interesting if future model-building could employ
a similar ladder resummation to achieve screening in a way compatible with luminal tensor
modes.
Such a resummation of ladder diagrams in the two-body problem can occur in a wide
variety of contexts, not just the disformal coupling in a scalar-tensor theory. For instance, an
analogous resummation leads to the Sommerfeld enhancement effect at low relative velocities
and the Bethe-Salpeter equation for the formation of bound states in a relativistic field theory.
The key difference for the disformal coupling considered here is that, while the vertex inter-
action is usually a differential operator, in this point particle case it is an integral operator
„ ş dτ δpx´xApτqq, which results in a functional relation between the scalar field at different
times. Note also that we have neglected the subleading conformal term, c¯Xp∇φq2{M4 in the
effective metric g˜µν , and also the self-energy terms in ϕ1T1 and ϕ2T2. Given the novel (and
unexpected!) behaviour we have found in our simple disformally coupled theory, it would be
interesting in future to revisit both of these omissions (particularly in cases where the ladder
screening yields a ϕA which is finite on the worldline xA).
Also, extending the above discussion to a cosmological background—with respect to which
even single particles can have a relative velocity v2 and hence a non-zero ladder parameter—
may produce interesting effects such as screening (for instance the Milky Way has a velocity
v{c « 10´3 with respect to the CMB rest frame, which can lead to large preferred frame
effects [33]).
38 though not required in the case of dark energy, as details of the UV completion are required to assess how
much cGW runs as one approaches LIGO scales [58]. In particular, since the dependence of cGW on k near the
cutoff is completely unknown within the EFT, it is not possible to estimate how far the cutoff must be below
Λ3.
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Finally, although the binary system we have considered here is phenomenologically very
relevant for black hole/neutron star signals, it would be interesting to investigate the effects
of multiple bodies. N -body effects are relevant for many solar system observations, and can
allow for novel tests of modified gravity39.
Going forwards, this ladder resummation we have studied will play an important role in
the phenomenological viability and testing of scalar-tensor theories that contain a disformal
coupling to matter.
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A Computing the Ladder Expansion Coefficients
In this short appendix, we will explicitly solve the scalar equations (3.18) and (3.19) for the
quoted solutions ϕ
p0q
1 (3.20) and ϕ
p1q
1 (3.21), then the metric equation (3.4) for the quoted h
µν
(3.17), and finally outline an efficient route to the Bτ of these solutions.
Solving the scalar equation: We will employ the retarded Green’s function,
lGlpx, x1q “ δp4qpx´ x1q ñ Glpx, x1q “ ´ 1
2pi
Θpx0 ´ x10q δ `px´ x1q2˘ (A.1)
which propagates signals along the future lightcone only.
(3.18) is straightforward,
ϕ
p0q
1 pxq “ ´
c¯φ
2MP
ż
d4x1Glpx, x1qT1pxq
“ c¯φm1
4piMP
ż
d4x1Θpx0 ´ x10q δ `px´ x1q2˘ ż dτ e1 δp4qpx´ xApτqq
“ c¯φm1
4piMP
ż
dτ e1 Θpx0 ´ x0Apτqq δ
`px´ xApτqq2˘
“ ´ c¯φm1
4piMP
e1
2px´ xAq ¨ uA
ˇˇˇ
τ¯1
“ ´ c¯φRS1
R¯1pxq . (A.2)
(3.19) is solved in a similar fashion,
ϕ
p1q
1 pxq “
d¯
M4
ż
d4x1Glpx, x1q∇1µ
´
∇1ν ϕp0q2 px1qTµν1 px1q
¯
(A.3)
39For instance, observations of the Earth-Sun-Jupiter system could provide tests of the strong equivalence
principle with order 10´15 precision [100].
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Note that,
∇µTµνA
mA
“ ´
ż
dτ
eA
B
Bτ δ
p4qpx´ xApτqquνApτq “
ż
dτ
eA
δp4qpx´ xApτqq aνApτq (A.4)
and so,ż
d4x1Glpx, x1q∇µ
“∇νϕATµνB ‰ “ ´ 12pi
ż
dτ δppx´ xBpτqq2q
“puBpτq ¨∇q2 ` aBpτq ¨∇‰ϕApxBq
“ ´ 1
2pi
ż
dτ δpr2Bq B2τϕApxBpτqq
“ 1
4pi r¯B ¨ u¯B B
2
τ¯B
ϕApx¯Bq (A.5)
yielding,
ϕ
p1q
1 pxq “
d¯ R3V1
R¯1
B2τ¯1
e˜21
ϕ
p0q
2 px¯1q . (A.6)
as presented in (3.21).
Solving the metric equation: The derivation of the metric solution (3.17) proceeds in
the same way, where the Green’s function now contains a factor of the metric propagator in
de Donder gauge on a flat background,
1
2
`
ηµpαηβqν ´ ηµνηαβ
˘
. (A.7)
The derivation of (3.17) from (3.4) then proceeds analogously to (A.2), with the additional
tensor structure (A.7).
Rest Frame Projection: At every τ , each particle defines a privileged rest frame, in which
uµA “ p1, 0, 0, 0q. We can describe this covariantly using the projection tensors,
PAµνpτq “ gµνpxAq ` uAµuAνe2A
(A.8)
which project any four-vector onto its spatial components measured in the (instantaneous)
rest frame of particle A (at proper time τ). This allows us to define the relative motion of
the two particles via,
uµABpτq “ gµνpxAqPBναuαA, aµABpτq “ gµνpxAqPBναaαA (A.9)
which give relativistic measures of the “relative velocity” and “relative acceleration” between
the two particles—namely the spatial parts of uµA and a
µ
A measured in the rest frame of particle
B. Furthermore, this lets us define a spatial distance from each particle,
RApx, τq “
b
rµAP
A
µνr
ν
A . (A.10)
– 44 –
which coincides with the earlier definition (3.15) when evaluated at a retarded time.
This notation makes it easier to carry out the τ¯ derivatives. For instance,
Bτ¯1ϕp0q2 px¯1q “ Bτ¯1
„
´ c¯φRS2
R¯2

“ ´ c¯φRS2
R¯32
„
u¯µ2 P¯
1
µν r¯
ν
1 ` r¯1 ¨ u¯1 r¯1 ¨ a¯1e2A

(A.11)
and so on, where the projection tensors always collect into powers of the relative u12, a12, etc.,
evaluated at an iterated retarded time. Finally, the PN expansion of (A.9) is straightforward,
allowing an easy connection to the results (3.50) of [60, 61].
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